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Measurement and disturbance

In quantum mechanics, one of the fundamental principles is that
any measurement which gives information about a quantum

system must in general also disturb that system in some way.

The canonical example of this is Heisenberg 3 Uncertainty

principle:

() )

A measurement of  x disturbs the value of  p, and vice versa. We

call variables with this relationship complementary
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Projective measurements

The original formulation of measurement can be written in terms
of orthogonal projectors
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The state is undisturbed only if it is an eigenstate of the
projectors. Two measurements are complementary if their
projectors don ®commute.
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In the usual formulation, these projection operators project onto

eigenspaces of an Hermitian operator:

@zzojlﬁj.
j

Such an observable represents a quantity that could be
measured. However, only the projectors matter; two
observables with different eigenvalues but the same

eigenvectors are equivalent .
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The Stern-Gerlach experiment. On the photographic plate are two clear tracks.

One of the canonical examples is the Stern-Gerlach measurement

of spin.  After being deflected up or down, the spin state is no

longer in a superposition.



Generalized Measurements

Since the original discovery of quantum mechanics, a more
general formulation of m easurements has been produced,
called (appropriately enough) generalized measurements

These measurements are not restricted to using projectors.

Given any set of operators which obey the requirements
TN N
J J

we can (in principle) carry out a measurement procedure:
)= M) afp,, Py =W ly).
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These generalized measurements are a very broad class of

operations; for instance, they include unitary transformations

as a special case (when the set of measurement operators has
only one member).  They also include projective

measurements (or von N  eumann measurements). However,
they include operations which cannot really be called
measurements at all, since they provide no information about
the state of the system. E.Q.,

N, =/1/2P= M,.

If a generalized measurement does give information,  however, it

USC

must disturb the state, just like a projective measurement.
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In fact, generalized measurements can be done using only

projective measurements and unitary transformations,

provided that we also have access to additional, ancillary
systems (or ancillas ). If we have an n-dimensional ancilla , itis
easy to check that we can find a unitary transformation that

transforms the initial state

") #10)$ (") # [0) =%,

Vi [i), Yol M, =P
j

Then by doing a projective measurement on the ancilla , we
have effectively done the generalized measurement on the
system. We can therefore think of a generalized measurement
as being the same as an /indirect measurement.



A simple indirect measurement

For this talk, we will consider only the simplest type of indirect
measurement, in which the system and the ancilla are both q-bits
(two-level systems). In this case, by directly measuring the

ancilla g-bit , we are indirectly doing a generalized measurement

on the system g-bit .

P.
Ancilla / Simple as this system is, it
I—— Q —— > actually captures almost all
the essential physics of more

¢ . _U

= Detector realistic systems.
System
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The ancilla begins in a known state--for example, |0 ). The

unitary interaction then transforms the joint state:

[4) ®10) = U(|$) ®10))-

The ancilla is then measured projectively and discarded. Because

the measurement is only on the ancilla , the projectors have
the form A A a
Pi=1QQ;

The POVM operators  E; for the different outcomes J are

Ej = Trane{(Ioys ® [0) (O (U1 P50}
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Let B look at a simple example, where U is a CNOT gate from the

system to the ancilla . The joint system-ancilla state transforms

(@|0) + B[1))|0) — «[0)[0) + B[1)[1).

If the ancilla is then measured in the computational basis, the
system will be left in state |0 yor |1 ) with probabilites| «a| 2 and

| B| 2, respectively.  Effectively, we have done a projective

measurement of the system in the Z basis.

Suppose instead that we  measured the ancilla g-bit in the X basis

- )=(0)£ 1) /2.



In this case, the state transforms in a completely different way:

")# (8[0)+ o).

The state has a random unitary transformation applied to it; the

measurement operators are

M, =~1/2P
M. =~1/22.

This is a generalized measurement (and one that yields no

USC

information about the state. )



Weak Measurements

If every measurement that gives information about the system
must disturb the state of the system, one might ask is there a
necessary relationship between the amount of information
gained and the amount of disturbance? By gaining only a
small amount of information about the system, can we disturb
the system only very little? | t turns out that this is indeed the
case. We can find measurements which disturb the system
very little, but give only very little information. We call such

measurements weak.

In our simple g-bit model, a weak measurement can be done by

,,,,,,,, using a weak unitary .



Weak unitaries

We consider a unitary transformation to be weak ifitis close to

the identity (setting global phases to zero):
9" <<

We can imagine such weak interactions arising from a weak
Hamiltonian, or a Hamiltonian that acts for only a short time.

For example:

ex;(i 19’) = cos(")f’# i sin(”)}? $ (1# "2 2)?’# i"M,

when 0<<1 and H 2=,
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Types of weak measurements

Generally, we can think of two different ways that a

measurement can be weak:

1. The measurement can be such that for every outcome the
state of the system is changed by only a small amount. We

will call such measurements diffusive .

2. The measurement can be such that the state of the system is
changed very little  on average ; but for some measurement
outcomes with low probability, the state can be changed a

great deal. We will call such measurements Jjump-like .
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Quantum trajectories

We use this terminology because we are interested notin  single
weak measurements, butinrepeated sequences of weak

measurements, or quantum l'l’éljéCtOI’/ES

O System

s
-, U
| >—{ \ »—(l r—{| >—{ e
N~/ Environment Measuring
At Device

We can take a limit where the measurements become
weaker and weaker,  but more and more frequent, to describe
a continuous measurement procedure . If this seems a bit

—[QC abstract, remember that many important kinds of physical
AT measurements really are continuous.



Physical Examples

Cavity Photodetector For example, in a photodetector one

—> continuously monitors for clicks that

indicate emitted photons. A click
indicates a large change in the state.

Laser

Cavity
In a homodyne measurement, one NG \\U e

continuously gathers information ! E \ :>

Beamsplitter \

[

V

about one quadrature of a light field.

The state fluctuates continuously as

information is gathered.

Photodetector

lSC These are examples of jump-like and diffusive measurements.



In these examples, we can think of the  Qancilla g-bits Oas

standing in for external modes of the electromagnetic field.

~—Incoming radiation modes (vacuum)

Cavity

L——-
Y
\
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I
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Fully-silvered Partially-silvered —

Mirror Mirror

Obviously, these are notreally q-bits--but the essential physics is

not very different!
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Jump-like measurements

Let @ do a simple example.  Suppose that the ancilla g-bits  all
start in the state |0 ), and the weak unitary interaction is

O B# P+ B# ((159%/2)P$i%).
The state becomes

("]0)+ #1)) $ [0) % ("

We measure the ancillas after interaction in the Z basis. If we

0)+ #(18&'%/2)1)) $ |0) &i# |1) $ |1).

see 0, the |1 ) component of the state slowly decays; if we see

1, the state jumpsto | 1).
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Diffusive measurements

Suppose that in the same  example we have just examined, we
measured the ancilla g-bits inthe Y basis instead of the Z basis?

The state after interaction becomes

%( 0) + #(1+ $%E 12)1)) & |+,)

i 1)
i

\2

The relative weights of the | 0) and |1 ) components shift up and

0) + #1%$%8 12)[1)) & |%).

down randomly.
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Quantum State Diffusion Equation

In the limit where the step size g becomes infinitesimal, = we can
describe the evolution of the state by a Stochastic Schrsdinger
equation .

) =42 (2#<@>) )i +$( B4 (B))" )aw,

M[dW] =0, M[dW?] = dt. " =~/#/dt.

This equation is called the Quantum State Diffusion  Equation with
real noise , and can be considered a model of a continuous

measurement process for the observable

A A el

Z=P"P.



Long time limit

For both the jump-like and diffusive measurements,  atlong times
the state of the system approached either |0 yor|l ). A careful

analysis shows that the  probabilities of these two outcomes
are| a|l 2and| B| 2, respectively. In other words, the limit of
many weak measurements is, In this case, the same as a

strong projective measurement of Z.

It is not too difficult to show that any projective measurement
can be decomposed into a sequence of weak measurements.
This makes a lot of sense--any real physical measurement
cannot actually be instantaneous, but must instead happen

over some finite length of time.



Decomposing Generalized Measurements

If we can do any projective measurement as a sequence of weak
measurements, can we do any generalized measurement as a
sequence of weak measurements? | t turns out that it is indeed
possible N but the choice of which measurement to do at each
step will depend on the outcome of earlier measurements.

P+ tanh()( M2 - ) M)" M, x" m.
2

M(x) =

P+tanh(ct 2)( M7 - M7)
" Prtanhp( M - M7)

I\Q(X,is) =_|C

C. = (1 tanhg)tanh(x))/2.
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The Measurement Procedure

| B | I - —~ ) 11
TS 6 M
T~ — M (%)
O x—}%\*\ W,

+ |
Depending on the current value of x, we apply the weak
measurement M(x,ze), which changes x by e depending

on the outcome. We continue until | x| >| X] , such that
M(X)= M, and M(-X)= M, to whatever precision we

desire. The probabilities for the two outcomes are the

same as for a single generalized measurement.




Stochastic equation

In the infinitesimal limit, we can find a stochastic Schrsdinger
equation for this system as well. But now, we mustalso keep

track of the evolution of the parameter X.

d) :#%Z(Zi(x) #<25(x)>)2\" >dt+$(?(x) #<25(x)>)\" )W,
dx =" 2#2<;§(x)> dt+# dw,
M[dW]=0,M[dW?3] =dt. " =~/#/dt.

1 (M2 M2) + tanh@)P

"0=5 6 tanh@)(M2 " NiZ)




Experimental realization

| have already argued that certain types of commonly-done
guantum optical measurements can be readily understood as
seguences of weak measurements. What other systems lend
themselves to this type of procedure? One very exciting type
of experiment uses Rydberg atoms to probe electromagnetic
fields in superconducting cavities. This system (pioneered by
Haroche and Raimond ) has already been used to probe the
boundaries of decoherence and quantum measurement theory.

(You @ hear more about this shortly!)



Atomic oven Circular states
— preparation

Superconducting
cavity

™~

Laser velocity |

selection
Atomic state
detection
Ramsey
interferometer
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Other experimental systems may also be possible. One may also

vary these ideas to do things other than decomposing strong
measurement. For example, by doing sequences of weak
measurements with feedback, it may be possibleto  Gsteer Othe
state of the system towards a particular desired state. This

would be an example ofa  quantum control  protocol.



Probes vs. Environments

For most of this talk | ~ @e been treating these ancillary g-bits as if
they were completely under our control. Unfortunately, thisis
not necessarily the case! Most quantum systems interact with
external environments, which in effect are continuously
measuring the system. If we can, inturn, measure the
environment, we can regain some of this information about
the system. If not, the information is irretrievably lost. This

iInformation loss is called decoherence .

If we do not have access to the information in the ancillas , we

must average over all possible trajectories.
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Master Equation

For the model system we have been studying, the master

equation would be

dl'
dt

% 1 1.52(
:#2| ZMZ$_ZZM $_ 1122 :#2 Z"Z$ " ’
& 2 2 ) ( )
where p isthe density matrix for the system  (initially p=| YXy| ).
Note that we getthe = same master equation whether we
average over the jumps picture or the diffusive picture. We

call these different  unravelings of the master equation.



Conclusions

We can model a sequence of weak measurements as weak

interactions between a system and a series of ancillas ,
followed by measurement of the ancillas . Different
measurements give rise to different quantum trajectories

These trajectories may  be created deliberately by repeatedly
probing the system in order to do some strong projective or
generalized measurement.

On the other hand, the ancillas may be a naturally-occurring
environment that we cannot control. In that case, we can
regain some information by measuring the environment.

Quantum trajectories here can be thought of as  unravelings of
— a master equation.



