
Other Topics in Quantum Information

In a course like this there is only a limited
time, and only a limited number of topics can
be covered. Some additional topics will be
covered in the class projects. In this lecture, I
will go (briefly) through several more, enough
to give the flavor of some past and present
areas of research.



Entanglement and LOCC

Entangled states are useful as a resource for a
number of QIP protocols: for instance, tele-
portation and certain kinds of quantum cryp-
tography. In both these cases, Alice and/or
Bob measure their local subsystems, commu-
nicate the results of the measurement, and
then do a further unitary transformation on
their local systems.

We can generalize this idea to include a
very broad class of procedures: local opera-
tions and classical communication, or LOCC
(sometimes written LQCC). The basic idea is
that Alice and Bob are allowed to do anything
they like to their local subsystems: any kind
of generalized measurement, unitary transfor-
mation or completely positive map. They can
also communicate with each other classically:
that is, they can exchange classical bits, but
not quantum bits.



A typical question one might ask is this: sup-
pose Alice and Bob share a system in some
entangled state |ΨAB〉. Using only LOCC,
can they transform |ΨAB〉 to a different state
|ΦAB〉 reliably? If not, can they transform it
with some probability p > 0? What is the
maximum probability p?

We can measure the entanglement of |ΨAB〉
using the entropy of entanglement

SE(|ΨAB〉) = −Tr{ρA log2 ρA}.

An important fact is that it is impossible to
increase SE on average using only LOCC.
(That is, it may be possible to raise SE with
some probability, but only if the average over
all outcomes is not higher.) SE is an entan-
glement monotone.

If |ΨAB〉 is unentangled, it is impossible to
produce an entangled state using LOCC.



One very simple but profound result con-
cerns asymptotic transformations. Suppose
Alice and Bob have N copies of |ΨAB〉 where
N → ∞, and want to produce M copies of
|ΦAB〉. This is only possible in general if

M

N
≤ SE(|ΨAB〉)
SE(|ΦAB〉)

.

In the limit of large M,N , this transforma-
tion is reversible. So the entropy of entangle-
ment really does seem to measure the total
amount of entanglement in a state.

For single copies of a state, the rule is more
complicated than this. It is not always possi-
ble to reliably transform one state to another,
even if the second has lower entanglement.
However, it is always possible to do so with
some probability (unless the first state is un-
entangled), and the optimal procedures are
known. There is a complete theory of bipar-
tite pure state entanglement.



While a complete theory of bipartite pure
state entanglement exists, there are many
unanswered questions about mixed state en-
tanglement. For example, with pure states,
all of the entanglement used to prepare a
state can be extracted again (in the limit
of many copies of the system). With mixed
states it cannot: generally, one can extract
(“distill”) strictly less entanglement than it
takes to prepare a state. Indeed, there are
some entangled mixed states from which no
entanglement can be extracted. These are
called bound entangled states.

Because of complications like this, there is no
single obvious measure of entanglement for
mixed states; and those measures which are
known are not fully understood. Even deter-
mining whether a given mixed state is entan-
gled or separable is difficult.



Quantum communication complexity

Classically, communication complexity prob-
lems have the following form: Alice and Bob
are separated, and each of them has an n-bit
number, respectively x and y. They wish to
calculate a function f(x, y) such that one of
them (say Alice) knows the result at the end.
How many bits must be communicated to cal-
culate this function? This generalizes to M
parties in an obvious way.

Obviously, Bob could just send his entire
number y to Alice, using n bits of communica-
tion; so the maximum complexity is n. How-
ever, this is sometimes not necessary. Some
functions require only a single bit of commu-
nication. For instance suppose f(x, y) is the
parity of the concatenated string xy. Bob
need only send Alice the parity of his string
y. Others require n bits of communication;
e.g., f(x, y) = x · y.



There are two ways to generalize this using
quantum resources. First, the parties can
communicate classically, but share some prior
entanglement. Second, they can exchange
quantum bits rather than classical bits.

It turns out that in both these approaches
there are some functions f which have lower
communication complexity using quantum
resources than they do classically. For known
instances, this advantage is only polynomial;
but unlike most computational advantages,
these quantum protocols are provably better
than the best classical protocol.



Cryptographic protocols

In addition to allowing secret communication,
cryptographic protocols are used for a vari-
ety of other purposes as well. These mostly
have to do with either authentications (e.g.,
proving that a particular document was pro-
duced by a particular person) or interactions
between parties which do not trust each other
(e.g., remote gambling).

There are quantum versions of a number
of these protocols, which we will examine
briefly.



Secret sharing

In classical secret sharing, one encrypts some
classical information (a string of bits) and di-
vides up the encrypted bits among n people
so that any m of them together can decrypt
the information, but fewer than m cannot.
For example, we might encrypt the formula
for Classic Coke and distribute it among the
board of directors, so that (for example) any
five of them can reconstruct the formula, but
four or fewer cannot.

In the quantum version, suppose one has a
particular quantum state |ψ〉; for simplicity,
let it be the state of a single q-bit. We wish
to share this state among n parties, in such
a way that any m or more of them together
can reconstruct the state, (m < n), but fewer
than m can learn nothing about the state.



This can be done, perhaps surprisingly, using
quantum error correction codes. Suppose we
have a code which embeds the state of a single
q-bit in n q-bits, and can correct up to n−m
errors. Each of the n parties receives one of
these bits.

Suppose that m of the parties get together to
try to reconstruct the state. They have m of
the bits, but n −m bits are missing. These
can be replaced by q-bits in the state |0〉. It
is now as if an erasure error has occurred to
each of those n−m bits; by performing error
correction and then decoding, the state |ψ〉.

It is slightly less obvious that fewer than m
parties can learn nothing about the state, but
for a proper code this must be true; other-
wise, the state would be disturbed.



Bit commitment

Classical bit commitment would be a protocol
of the following form: Alice chooses a random
bit, and encrypts it in some way before send-
ing it to Bob. This encryption would have
the following two properties:

1. Bob cannot read the bit until he receives
a key from Alice.

2. Alice cannot change the bit once she has
sent it to Bob.

Bit commitment would be very useful for cer-
tain kinds of remote dealing between untrust-
ing parties. For instance, in gambling over
the internet, it would be nice to know that
the casino can’t choose the outcome of the
roulette spin depending on how one bets.



A physical scheme would have Alice write the
bit on a piece of paper and then lock it in a
safe, which she sends to Bob. Obviously, this
is not absolutely secure: Bob can hire an ex-
pert safecracker. A better solution would be
some type of cryptographic scheme. Unfortu-
nately, no such scheme exists. Every classical
scheme lets either Alice or Bob cheat: either
Bob can in principle decrypt the bit, or Alice
can send one of two possible keys, letting her
choose which bit to unveil after sending it.

There was a great deal of optimism, based on
the success of quantum cryptography, that bit
commitment would be possible using quan-
tum resources. Schemes were put forward
that seemed to work. But in fact, quantum
bit commitment is also impossible, and for a
very curious reason.



It turns out that Alice can almost always
cheat by sending Bob half of an entangled
pair. In a sense, she simultaneously commits
to both 0 and 1. Before sending the key to
Bob, she measures her half of the pair in a
particular basis, and then based on the out-
come sends one of two keys, depending on
which result she wants him to find. A the-
orem showing this for a very large class of
protocols was proven by Lo and Chau.

In spite of numerous attempts to get around
this loophole, no unconditionally secure
scheme for quantum bit commitment has
been demonstrated.



Quantum computational complexity

The class of problems for which there is a uni-
form family of quantum circuits with polyno-
mial size is called BQP, and is the quantum
analogue to the class of polynomial classical
problems P (or, more correctly, BPP).

What, then, is the quantum generalization of
NP? Proposals have been made for classes
BQNP or QMA which correspond to prob-
lems which are checkable in polynomial time
by a quantum computer.



There are quantum analogues to NP-
complete problems as well. Here is a canoni-
cal example:

The Local Hamiltonian Problem. Given a k-
local Hamiltonian Ĥ on n q-bits, where k =
O(1), and two numbers 0 ≤ a < b with b−a =
Ω(n−α), α > 0, does Ĥ have an eigenvalue
not exceeding a, or are all eigenvalues of Ĥ
greater than b?

By a k-local Hamiltonian, we mean a Hamil-
tonian which is a sum of terms, each of which
affects no more than k of the q-bits.

It is possible to prove that the Local Hamilto-
nian Problem is BQNP-complete. But many
questions about quantum complexity (like
classical complexity) remain unanswered.



And Much More

This is only a taste of the kind of problems
that are being worked on in quantum infor-
mation theory. Many facets of classical in-
formation theory and computer science have
quantum extensions; and there are inherently
quantum problems, as well, which have no
simple classical analogue. There has also
been slow but steady improvement on the ex-
perimental side. In spite of the tremendous
progress of the last ten years, quantum infor-
mation processing remains a rich and beau-
tiful theory, with many areas yet to be ex-
plored.


