
NMR Quantum Computing

In NMR quantum computing, the computer
is a single molecule of a chemical compound.
The q-bits are the nuclear spins of the atoms
in the molecule (or at least those which are
spin-1/2). Quite a few isotopes have spin-1/2
nuclei, notably hydrogen and carbon-13.

A powerful magnetic field is introduced in the
Z direction, resulting in a separation of en-
ergy between spin-up and spin-down. This
separation is important for practical pur-
poses.

Unlike other models we have considered, how-
ever, NMRQC is not done with just one
system; rather, one has many (e.g., 1024)
molecules, all performing the same calcula-
tion in parallel. And these molecules are not
cooled; they are in the liquid state. In NMR,
computation is done with a bulk sample at
room temperature.



Perhaps surprisingly, despite being immersed
in a bulk at room temperature, the nuclear
spins can be treated as isolated to a very good
approximation. This is because (a) the nu-
clear magnetic moments are very weak, which
means they evolve on a very slow timescale,
(b) the nuclei are surrounded by rapidly mov-
ing clouds of electrons which screen out other
nearby charges, and (c) the molecules tumble
rapidly, so that surrounding potentials are av-
eraged out on a timescale short compared to
that of the spin evolution time. Because of
these effects, it is possible to treat the nu-
clear spins using the Schrödinger equation; a
fact which chemists have been exploiting for
years.

To analyze them we need to know their
Hamiltonian to a good approximation.



The presence of the magnetic field produces
a Hamiltonian of the form

ĤB =
∑

j

EjẐj ,

where Ẑj is the Z component of spin for the
jth nucleus. Ej will be roughly the same
for all nuclei of the same chemical species,
though the configuration of the molecule can
produce small differences (chemical shifts).

There will also be a (much weaker) Hamilto-
nian due to the dipole-dipole interactions of
the spins. This takes the form

ĤSS =
∑
i,j

αij~̂σi · ~̂σj ,

where the interaction strength αij between
nuclei i and j will depend on their chemical
species and distance from each other in the
molecule. Since these are basically fixed, αij

can be treated as a constant matrix to be
experimentally determined for each chemical.



The full Hamiltonian is

Ĥ = ĤB + ĤSS .

Throughout this lecture, I will be using the
shorthand notation

Ẑj = Î⊗j−1 ⊗ Ẑ ⊗ Î⊗n−j ,

and similarly for X̂j and Ŷj .

(In fact, the spin-spin coupling is much more
complicated than I have indicated here. It
includes screening effects due to the presence
of the electron cloud, indirect couplings via
pairs of spins both interacting with the same
bound electrons, and averaging effects due to
the rapid tumbling of the molecules. How-
ever, the effective Hamiltonian can be exper-
imentally measured to give interactions simi-
lar to the ones described above. We will see
shortly how this can be further simplified.)



RF pulses

Just as in the ion trap, single-spin transitions
can be produced by resonant driving. In this
case, they are transitions between, e.g., Z-up
and Z-down states for spin j, and have reso-
nant energy 2Ej . As long at Ej is sufficiently
different for different spins, one can tune the
resonance so that it affects only a single spin.
(It is also possible to tune pulses that affect
all spins of a single chemical species.) These
pulses can (in principle) produce any single q-
bit rotation: Rx,y,z(θ). This makes any one-
bit gate possible.

Unlike the ion trap, however, the energy dif-
ferences 2Ej are very small in NMR; so the
resonant pulses are not at optical frequencies,
but at radio frequencies.

These RF pulses are brief compared to the
timescale of the Hamiltonian. We will ap-
proximate them as instantaneous unitaries.



Thermal States

Because the molecules are at room tempera-
ture, the state of the spins will not be pure;
they will be in a particular mixed state called
a thermal state.

ρT =
1

Z(T )
exp(−Ĥ/kBT ),

where Ĥ is the Hamiltonian, T is the temper-
ature, and kB is Boltzmann’s constant. Z(T )
is a normalization factor

Z(T ) = Tr{exp(−Ĥ/kBT )},

called the partition function. If the eigenval-
ues of Ĥ are λm,

Z(T ) =
∑
m

e−λm/kBT .



Typically, the energies Ej are much larger
than αij , so to a first approximation the en-
ergy eigenstates are Z eigenstates: compu-
tational basis states. On the other hand,
Ej � kBT , so ρB is very close to the identity.

ρT ≈
2n−1∑
x=0

px|x〉〈x|,

px =
1
2n

1−
n−1∑
j=0

(Ej/kBT )(2xj − 1)


where x = xn−1 . . . x1x0 is the binary repre-
sentation of the Z basis state |x〉.



The interaction picture

Because Ej � αij , the evolution is domi-
nated by the magnetic field, which produces
spin precessions on a timescale fast compared
to the spin-spin interactions. It is possible to
allow for these in a rigorous way, by trans-
forming to a rotating picture: the interaction
picture.

Let |ψ(t)〉 be the solution to the Schrödinger
equation

d|ψ(t)〉
dt

= −(i/h̄)(ĤB + ĤSS)|ψ(t)〉.

Now define the rotating state |ψ̃(t)〉

|ψ̃(t)〉 = exp(iĤBt/h̄)|ψ(t)〉,

which obeys the new Schrödinger equation

d|ψ̃(t)〉
dt

= −(i/h̄)Ĥ ′
SS(t)|ψ̃(t)〉.



This new rotating Hamiltonian is

Ĥ ′
SS(t) = exp(iĤBt/h̄)ĤSS exp(−iĤBt/h̄).

ĤB consists of terms like EjẐj , and ĤSS of
terms like αij(X̂iX̂j + ŶiŶj +ẐiẐj). ĤB com-
mutes with the ZZ terms, so they will be the
same in the rotating frame. The XX terms
will be transformed

exp(iĤBt/h̄)X̂iX̂j exp(−iĤBt/h̄) =

X̂iX̂j exp(−2i(EiẐi + EjẐj)t/h̄).

As long as the Ei and Ej are not too close,
this term will be rapidly oscillating and can
be approximated as averaging to zero. This
leaves us with the approximation

Ĥ ′
SS =

∑
ij

αijẐiẐj ,

with only ZZ terms and no explicit time-
dependence.



Refocusing

The remaining Hamiltonian consists of terms
that look like ẐiẐj . A term of this type can
produce an entangling two-bit gate which (to-
gether with one-bit unitaries) is universal for
quantum computation:

exp(−iπẐiẐj/4) = (Î − iẐiẐj)/
√

2.

The problem is that we can’t turn these terms
off! The spins interact continuously, outside
of our control.

There is a technique, however, whereby all
but a single term in the Hamiltonian can
be made to effectively cancel out. This is
called refocusing. To illustrate this, suppose
we have a Hamiltonian with only two terms:

Ĥ = α12Ẑ1Ẑ2 + α23Ẑ2Ẑ3.



If we let this system evolve for a time 2τ , the
unitary transformation would be

Û = exp(−2iτ(α12Ẑ1Ẑ2 + α23Ẑ2Ẑ3)).

Suppose now that we applied an X̂ gate to
spin 3 at time t = 0 and again at t = τ . The
new evolution would be

Û ′ =exp(−iτ(α12Ẑ1Ẑ2 + α23Ẑ2Ẑ3))X̂3

× exp(−iτ(α12Ẑ1Ẑ2 + α23Ẑ2Ẑ3))X̂3

=exp(−2iτα12Ẑ1Ẑ2) exp(−iτ(α23Ẑ2Ẑ3))

× X̂3 exp(−iτα23Ẑ2Ẑ3)X̂3.

From the algebra of Pauli operators,
we know that X̂3 exp(−iτα23Ẑ2Ẑ3)X̂3 =
exp(+iτα23Ẑ2Ẑ3), so the factors involving
Ẑ2Ẑ3 cancel out, leaving

Û ′ = exp(−2iτα12Ẑ1Ẑ2).

We have effectively “turned off” the term we
didn’t want. This can be done with multiple
terms, as well, in the same way.



Effective Pure States

Generally speaking, it is impossible to do
quantum computation in a thermal state, un-
less the temperature is very low. For liquid-
state NMR this is not the case.

Nevertheless, there is a trick that allows in-
teresting computations to be done. This is
the preparation of an effective pure state

ρ = (1− ε)Î/2n + ε|ψ〉〈ψ|,

where ε � 1. A state of this type undergoes
unitary transformations

ρ→ ÛρÛ† = (1− ε)Î/2n + εÛ |ψ〉〈ψ|Û†.

The identity is unchanged, while the second
term transforms like a pure state.



Unfortunately, what we start with is not an
effective pure state, but a thermal state ρT .
While this is close to the identity as well, the
remaining terms are not a single pure state.
The transformation

ρT → (1− ε)Î/2n + ε|ψ〉〈ψ|

is not unitary.

This is where we take advantage of the fact
that we are using a bulk sample. We apply
different unitary transformations to different
molecules in the sample, and average the sig-
nals from all of them. The average of these
will not be unitary, and if we choose them
carefully they can produce an effective pure
state. (In practice, this might be done by
imposing a magnetic field that is different at
different points in the sample.)

Generally we choose |ψ〉〈ψ| to be the compu-
tational basis state |0 · · · 0〉〈0 · · · 0|.



Readout

There is another reason to use a bulk sample:
we have no way of measuring the state of of
the nuclear spins for a single molecule. They
are too well isolated from the outside world,
and the RF signals a single molecule produces
are too weak to be detected.

Instead, the quantum computation is per-
formed on the bulk sample, and then the
sample is allowed to relax back to the ther-
mal state. As the spins relax, they emit
RF signals at the frequencies 2Ej/h̄; the
strength of these signals indicates the frac-
tion of molecules that had spin j in the high-
energy rather than the low-energy state.



Since the state of the sample is highly mixed,
this would not normally be useful. However,
we can take advantage of an important prop-
erty of effective pure states: the contribution
to the signal from the identity cancels out. In
other words, only the fraction of systems in
state |ψ〉 produce a net signal.

By running the computation a number of
times and applying different unitary trans-
formations at the end, it is possible to com-
pletely reconstruct the final state |ψf 〉. The
results of the computation can then be read
off from that state. (This procedure is called
quantum state tomography.)

The strength of the signal received will be
proportional to the fraction ε of the systems
in the state |ψ〉.



Decoherence

There are two major decohering effects in
NMR. The first is thermal relaxation: the
spins can slowly gain or lose energy from the
surrounding electrons or other molecules, re-
turning to a thermal state. The second is de-
phasing, in which |ψ〉 = α|0〉 + β|1〉 changes
to

|ψ〉〈ψ| → |α|2|0〉〈0|+ |β|2|1〉〈1|.

These two processes have characteristic
timescales T1 and T2, respectively.

The decoherence rate for NMR is remark-
ably low. T1 can be as long as hours or days
(though seconds is more typical), and T2 can
be as long as tenths of a second. This gives
enough time to perform hundreds or thou-
sands of two-bit gates before the state is de-
stroyed by decoherence.



An example

Here is a molecule of tricloroethylene:

H

C C13

1 2
13

Cl Cl

Cl

The three q-bits correspond to the hydrogen
nucleus and the two carbon-13 nuclei. The
effective Hamiltonian can be approximated

Ĥ ≈ αẐ1Ẑ2 + βẐ2Ẑ3.



Experimental set-up

Because liquid-state NMR was developed by
chemists decades ago, one can do NMRQC
experiments using off-the-shelf equipment.

Because of this well-advanced equipment and
set of techniques, NMR quantum computing
made spectacularly rapid early progress com-
pared to other techniques. It is still the case
that many quantum protocols and algorithms
have only been demonstrated in NMRQC, in-
cluding Shor’s factoring algorithm.



As we saw in the homework, 15 is the small-
est number for which the factoring problem
doesn’t reduce to a simplified case. In 2001
the first experimental demonstration of fac-
toring was made at IBM, using a seven-bit
NMR quantum computer.

The experiment used a simplified version of
Shor’s algorithm that needed only a relatively
small number of RF pulses to carry out. This
is still the only practical implementation of
Shor’s algorithm. (The factors: 3 and 5.)



Scaleability

In spite of this rapid experimental progress,
however, as an approach to building large-
scale QIP NMR is essentially a dead end.
This is true for a number of reasons.

1. In preparing an effective pure state, the
largest that ε can be is roughly the fraction of
systems that are in the correct state |0 · · · 0〉
just by chance at the start of the computa-
tion. For an n-spin molecule, this fraction
is roughly ε ∼ 2−n. Since the strength of the
signal is proportional to ε, as n becomes large
the signal goes to zero.

2. Because one cannot do true measurements,
error correction is impossible. (Each separate
molecule might have a different error syn-
drome.)



3. Again, because one cannot do true mea-
surements, one extracts the answer by do-
ing quantum state tomography. Describing
a state of n q-bits requires 2n complex num-
bers, which will require approximately 2n/n
runs of the computer to determine.

While the most impressive experiments in
QIP to date have been done using NMR, in
the long run general purpose quantum com-
puters will have to use different systems. The
failure of liquid-state NMR to satisfy the Di-
Vincenzo criteria is a flaw that prevents true
scaleability.



Solid state q-bits and other systems

In solid-state approaches to QIP the goal is
instead of finding naturally-occurring q-bits,
to build q-bits as microscopic solid-state de-
vices. There is a large amount of technologi-
cal experience in solid-state, and strong finan-
cial motives for building ever-smaller devices.

• Solid-state NMR. There are various schemes,
using the spins of nuclei in crystals; or using
the nuclei of phosphorus atoms embedded in
silicon, coupled via electron spins.

• Quantum dots. These are tiny devices that
serve as “wells” to hold electrons. The spin
of an electron can serve as the q-bit, or the
location of the charge in one of two dots.

• Superconducting q-bits. Tiny superconduct-
ing loops behave quantum mechanically; the
direction of the current (or of the magnetic
flux) can serve as a q-bit.



• Linear optical QC. It is possible for pho-
tons to serve as q-bits (as we saw in look-
ing at quantum cryptography), and they have
very low rates of decoherence, but it is hard
to make them interact; this makes it diffi-
cult to build two-bit gates. It is possible to
build probabilistic two-bit gates, however, by
passing photons through interferometers and
measuring some of the outputs.

Many variations of all of these ideas are being
actively researched. None of them are as far
along at present as the ion trap or liquid-state
NMR; but it is too early yet to know which
technology may eventually win out.


