
Ensembles and incomplete information

So far in this course, we have described a
quantum system by a state which is a nor-
malized vector in a complex Hilbert space.
This description works so long as (a) the sys-
tem is not entangled with anything else, and
(b) we have complete information about the
system. We will look at condition (a) in a
moment; for now, let’s look at (b).

In the classical world, when we have incom-
plete information about a system, we specify
a probability distribution over possible states.
The assigned probabilities reflect our degree
of certainty or uncertainty about that state.
We could imagine that the system was drawn
from a large collection of systems in differ-
ent states, where the proportion of systems
in each state corresponds the the probability
we assign to that state. Such a collection is
called an ensemble.



We can try the same approach in quantum
mechanics. Rather than specifying a unique
state vector |ψ〉, we list a collection of state
vectors |ψ1〉, . . . , |ψN 〉 with associated proba-
bilities pi such that

∑
i pi = 1, 0 ≤ pi ≤ 1.

(For now, we will assume that the number of
states N in the ensemble is finite.) We can
denote an ensemble {|ψi〉, pi}.

If there is a single state |ψ〉 with probabil-
ity p = 1, our ensemble is just the same a
state vector. We call such an ensemble a pure
state. Any ensemble which is not pure we call
a mixed state.

Suppose we have a mixed state. How do our
usual rules for dealing with quantum states
change?



Unitary transformations of mixed states

Let our ensemble be {|ψi〉, pi}. How does this
evolve in time? If we knew we were in a
definite pure state |ψi〉, the state would just
change by a unitary transformation |ψi〉 →
Û |ψi〉. In a mixed state, we just do the same
thing term by term:

{|ψi〉, pi} → {Û |ψi〉, pi}.

Note that this simple rule works because of
the linearity of quantum evolution. The rule
for time evolution has no explicit dependence
on the state at the present time.



Measurements of Ensembles

Let’s first restrict ourselves to projective mea-
surements. Suppose we measure some observ-
able whose eigenprojectors are {P̂j}. If the
system were in state |ψi〉, the probability of
outcome P̂j would be

pj|i = 〈ψi|P̂j |ψi〉,

and the state would be changed to

|ψi〉 → P̂j |ψi〉/
√
pj|i.

The overall probability of the outcome j is
given by weighting the conditional probabil-
ities pj|i by the a priori probabilities pi, to
get

pj =
∑

i

pipj|i ≡
∑

i

pi&j .



We could just replace the states |ψi〉 with
the updated states in the ensemble {pi, |ψi〉};
but that would not be quite right. We have
gained information from the measurement
about which of the states in the ensemble are
likely; we need to update their weights pi as
well. Since the uncertainty about the state
is basically a classical uncertainty, we update
the weights by Bayes’s rule. Given that the
measurement outcome was j,

pi → pi|j =
pi&j

pj
=

〈ψi|P̂j |ψi〉pi∑
k 〈ψk|P̂j |ψk〉pk

.

The ensemble then transforms to

{pi, |ψi〉} →
{
pi|j , P̂j |ψj〉/

√
pj|i

}
.



Much the same applies to a generalized mea-
surement, given by a set of measurements
operators {M̂j}. In this case, the probabil-
ity of outcome j for a state |ψi〉 is pj|i =
〈ψi|M̂jM̂

†
j |ψi〉, and the state goes to

|ψi〉 → M̂ |ψi〉/
√
pj|i.

Note that the probabilities of outcomes are
not changed in any way if each of the mem-
bers of an ensemble are separately multiplied
by an overall phase. That is the ensembles
{pi, |ψi〉} and {pi, e

iθi |ψi〉} are equivalent for
all practical purposes. We consider these two
ensembles to be physically identical.

The rule for updating an ensemble after a
measurement is rather complicated. We can
simplify by changing the way we represent
mixed states.



Density matrices

Rather than represent a mixed state by an
ensemble {pi, |ψi〉}, we can instead represent
it by a density matrix (or density operator):

ρ =
∑

i

pi|ψi〉〈ψi|.

Note that the operators |ψi〉〈ψi| are one-
dimensional projectors (hence positive oper-
ators with unit trace), and the weights pi are
positive numbers which sum to 1. (The |ψi〉
need not be orthogonal.) This implies that ρ
is a positive operator with unit trace:

Tr{ρ} = 1, 〈φ|ρ|φ〉 ≥ 0 ∀|φ〉, ρ = ρ†.

For a pure state |ψ〉, the corresponding den-
sity matrix is ρ = |ψ〉〈ψ|. In this case only,
ρ2 = ρ is a projector. This gives a simple test
of a state’s purity.



The density matrix transforms under unitary
evolution by

ρ→ ÛρÛ†.

For a projective measurement with projectors
{P̂j}, the probability of outcome j is

pj =
∑

i

pi〈ψi|P̂j |ψi〉 = Tr
{
P̂jρ

}
,

and the density operator is updated by

ρ→
∑

i

pi|j

pj|i
P̂j |ψi〉〈ψi|P̂j = P̂jρP̂j/pj .

This is a far simpler rule than that for ensem-
bles. For a generalized measurement,

pj = Tr
{
M̂†

j M̂jρ
}
≡ Tr

{
Êjρ

}
,

ρ→ M̂jρM̂
†
j /pj .



The von Neumann equation

The unitary evolution of quantum states was
derived from the Schrödinger equation

ih̄
d|ψ〉
dt

= Ĥ(t)|ψ〉,

where Ĥ(t) = Ĥ†(t) is the Hamiltonian. The
corresponding equation for density matrices
is

dρ

dt
= − i

h̄

[
Ĥ(t), ρ

]
.

This equation is sometimes referred to as the
von Neumann equation. It implies the uni-
tary evolution

ρ(t1) = Û(t1, t0)ρ(t0)Û†(t1, t0).



Ensemble equivalence

All observable results can be predicted from
the density matrix, without needing to know
the ensemble used to construct it. In ensem-
bles which include many terms, this is a more
compact representation. However, the corre-
spondence between density matrices and en-
sembles is not unique. There can be different
ensembles {pi, |ψi〉}, {p′j , |ψ′

j〉} which give rise
to the same density matrix ρ:

ρ =
∑

i

pi|ψi〉〈ψi| =
∑

j

p′j |ψ′
j〉〈ψ′

j |.

The number of terms in the two ensembles
need not be the same. In fact, except for pure
states, any density operator can derive from
an infinite number of possible ensembles. We
call these possible decompositions of ρ.



For example, consider the density matrix

ρ = p|0〉〈0|+ (1− p)|1〉〈1|.

This obviously could arise from the ensemble
containing |0〉, |1〉 with weights p, 1 − p. But
it could also arise from the ensemble contain-
ing the states

√
p|0〉±

√
1− p|1〉 with weights

1/2, 1/2.

All physical consequences can be deduced
from the density matrix. This means that two
ensembles with the same density matrix make
exactly the same predictions for any measure-
ment. Two such ensembles are impossible to
distinguish by any experimental test.



In fact, this indistinguishability is much
stronger than the indistinguishability for
nonorthogonal pure states. That implies that
no measurement on a single copy of the sys-
tem can reliably tell the two nonorthogonal
states apart. Given many copies, however,
one can collect statistics and tell the states
apart. This is not true for ensembles with
the same density matrix. Given any number
of systems drawn from the two ensembles, all
predictions (including statistical predictions)
are identical.

Because of this fact, we rarely describe mixed
states in terms of ensembles. It is much more
common just to represent them as density
matrices. Indeed, in many cases we would
have no idea which ensemble to choose; and
the choice would add no information in any
case.



Orthogonal decomposition

Let us now take density matrices as our pri-
mary objects. A density matrix is a posi-
tive, Hermitian operator with unit trace. As
such, it has an orthonormal basis of eigen-
states |φj〉, whose corresponding eigenvalues
λj are ≥ 0 and sum to 1. In diagonal form,

ρ =
D∑

j=1

λj |φj〉〈φj |,

λj ≥ 0,
∑

j

λj = 1.

We see that {λj , |φj〉} is an ensemble, and
forms a decomposition of ρ; moreover, this
decomposition is composed of orthogonal
states (which is not true of most decompo-
sitions). It is sometimes useful to work in
this orthogonal decomposition.



Composite systems and entanglement.

In the case of pure states, we could repre-
sent the joint state of two subsystems, each
in separate states |ψ〉 and |φ〉, by a product
state |ψ〉 ⊗ |φ〉 in the tensor-product Hilbert
spaceH1⊗H2. More generally, the joint state
could be a superposition of product states; it
could be entangled,

|Ψ〉 =
∑
i,j

tij |i〉 ⊗ |j〉.

What happens when we switch to mixed
states? The density operator for a product
state |ψ〉 ⊗ |φ〉 is

|ψ〉〈ψ| ⊗ |φ〉〈φ|.

More generally, if the first system has a den-
sity matrix ρ and the second has a density
matrix χ, the joint density matrix is a prod-
uct

ρ⊗ χ.



What if the two systems are in an entangled
state |Ψ〉? Then the joint density matrix is

ρ = |Ψ〉〈Ψ|,

and is a positive operator with unit trace on
the joint Hilbert space H1 ⊗ H2. A mixed
state would then take the form

ρ =
∑

i

pi|Ψi〉〈Ψi|.

In certain cases, this joint mixed state can be
written in the form

ρ =
∑

i

piρi ⊗ χi,

where 0 ≤ pi ≤ 1,
∑

i pi = 1, and ρi and χi

are density matrices. We call such a matrix
ρ separable.



If ρ is separable, it can be written as a de-
composition into pure product states:

ρ =
∑

k

pk|ψk〉〈ψk| ⊗ |φk〉〈φk|.

We define a mixed state to be entangled if it
is not separable; that is, if it has no decom-
position in terms of product states.

Unfortunately, this is not an easy thing to
check! Every mixed-state density matrix has
many decompositions. There is no efficient
procedure to determine whether any of them
uses only product states.

Also, while the unentangled pure states form
a set of measure zero, the separable states do
not. The separable states form a convex set
in the space of all density matrices. Mixed
state entanglement is a much more compli-
cated subject than pure state entanglement.



Transformations of density operators

What is the most general linear transforma-
tion that takes density matrices to density
matrices? A unitary transformation obvi-
ously works: ρ → ÛρÛ†. However, it is not
the most general possibility.

Note that we are now asking for linear trans-
formations on operators, not states. Such
a linear transformation is sometimes called
a superoperator. The most general such
transformation is given by pairs of operators
{Âi, B̂i}, with

Ô →
∑

i

ÂiÔB̂i.

It is easy to see that any linear transforma-
tion on operators can be written in this form.
We then want to restrict ourselves to trans-
formations which leave the trace unchanged
and take positive operators to positive opera-
tors: trace-preserving positive superoperators.



In fact, it makes sense to restrict things a lit-
tle more than that. Suppose that our system
is just part of a composite system. It turns
out that a transformation which is positive on
the subsystem alone may not be positive on
the joint system! The canonical example of
this is transposition. Transposing a density
matrix yields another density matrix. Do-
ing a partial transpose on just one subsystem
doesn’t necessarily yield a positive operator.

A map which is positive even when ap-
plied only to part of a composite system is
called completely positive. The allowed trans-
formations are therefore completely postitive
trace-preserving maps (often called “CPTP
maps”).



It turns out that all such maps can be written
in the form

ρ→
∑

j

M̂jρM̂
†
j

for some set of operators {M̂j} which satisfy∑
j

M̂†
j M̂j = Î .

This is the Kraus representation. It looks ex-
actly like we have done a generalized mea-
surement on ρ without being able to see what
the answer is. It obviously also includes uni-
tary transformations as a special case (where
the number of Kraus operators is 1).



Note that just as the decompositions of ρ
are not unique, the Kraus representation of a
completely positive map is not unique either.
That is, there are different sets of operators
{M̂j} that correspond to the same completely
positive map.

We call a trace-preserving completely positive
map a quantum operation. Any quantum op-
eration is, in principle, physically achievable.
So if we allow mixed states, the set of physi-
cally allowed procedures are quantum opera-
tions and generalized measurements.

To compare this to what we have already
done earlier in this course, for pure states
the physically allowed procedures are uni-
tary transformations and generalized mea-
surements. Mixed states therefore have a
larger class of physically allowed procedures.



Reduced density matrices

Suppose we have a composite system, with
a density matrix ρAB on the tensor-produce
Hilbert space HA ⊗ HB . We are only inter-
ested, however, in measurements and opera-
tions on subsystem A. (For example, subsys-
tem B might be far away, and not accessible
to us.) In that case, we can write down an ef-
fective density matrix for subsystem A alone
by taking the partial trace over B:

ρA = TrB{ρAB}.
The operator ρA is also a density matrix; we
call it the reduced density matrix for subsys-
tem A. (Obviously, we could also find a re-
duced density matrix for subsystem B.)

Recall that the partial trace of an operator is

TrB

∑
j

Âj ⊗ B̂j

 =
∑

j

ÂjTr{B̂j}.



If A and B are in a pure product state |ψ〉 ⊗
|φ〉, then the reduced density matrix of A is

ρA = TrB{|ψ〉〈ψ| ⊗ |φ〉〈φ|} = |ψ〉〈ψ|,

which is a pure state. If they were in an en-
tangled pure state, however,

|Ψ〉 =
∑
i,j

tij |i〉 ⊗ |j〉

where {|i〉}, {|j〉} are orthonormal bases, then
the reduced density matrix

ρA =
∑
i,i′,j

tijt
∗
i′j |i〉〈i′|

will be a mixed state.



The Schmidt decomposition

Given any pure state |Ψ〉 on a tensor-product
Hilbert space HA ⊗ HB , we can always find
bases {|i〉A}, {|i〉B} on HA and HB such that

|Ψ〉 =
∑

i

√
λi|i〉A ⊗ |i〉B .

where 0 ≤ λi ≤ 1 and
∑

i λi = 1. (The con-
struction is based on the singular value de-
composition of the matrix tij of amplitudes.)

If we write |Ψ〉 in Schmidt form, it is clear
that

ρA =
∑

i

λi|i〉A〈i|, ρB =
∑

i

λi|i〉B〈i|.

These Schmidt bases are the eigenbases of the
reduced density matrices, and the two matri-
ces have the same eigenvalues.



This also makes possible something called pu-
rification. Given a density matrix ρ with di-
agonal form

ρ =
∑

i

λi|i〉〈i|,

we can introduce a fictional additional sub-
system B and a joint pure state |Ψ〉 on A and
B, such that ρ is the reduced density matrix
one gets by taking the partial trace of |Ψ〉〈Ψ|
over B. This pure state |Ψ〉 is just

|Ψ〉 =
∑

i

√
λi|i〉A ⊗ |i〉B ,

where the eigenbasis of ρ now gives the
Schmidt basis for A. In some cases, it is much
easier to work with pure states than mixed
states; in those cases, it often makes sense
to purify the state ρ, do the calculation, and
then take a partial trace at the end.



von Neumann entropy

Given an ensemble {pi, |ψi〉}, we can asso-
ciate with it a Shannon entropy

S = −
∑

i

pi log2 pi.

We could try to identify this entropy with the
uncertainty in the state ρ. There is a prob-
lem, though: the different ensemble decom-
positions of ρ will not, in general, have the
same Shannon entropy.

To get around this, we could define the en-
tropy of the state ρ to be the minimum Shan-
non entropy over all decompositions of ρ.
This sounds very hard to calculate; but in
fact, it is not. It turns out to be

S(ρ) = −Tr{ρ log2 ρ}.

For a D-dimensional system, the maximum
value S can take is log2D (for ρ = Î/D).



The easiest way to calculate S(ρ) is to write
ρ in diagonal form:

ρ =
∑

i

λi|i〉〈i|.

The von Neumann entropy is then

S(ρ) = −
∑

i

λi log2 λi.

If ρ is a pure state, S(ρ) = 0. This lets us de-
fine a good measure of entanglement for en-
tangled pure states. Let |Ψ〉 be the joint state
on A and B, and ρA be the reduced density
matrix; then S(ρA) is the entropy of entan-
glement for |Ψ〉. It vanishes if |Ψ〉 is a pure
state, and attains the maximum value log2D
for a maximally entangled state.

For example, the Bell states are all maximally
entangled, and have S(ρA) = 1.


