
Indirect measurement

Because in practice it is often difficult to di-
rectly measure a quantum system without
destroying it, most actual measurement are
done indirectly.
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1. Prepare an extra system (an ancilla) in a
known initial state.

2. Have the system and the ancilla interact
by carrying out some circuit (performing a
unitary transformation on the two of them).

3. Measure the ancilla and discard it.



What does this look like mathematically? If
the system is in state |ψ〉, and the ancilla is
in the standard state (say |0〉), then the joint
state of the system-plus-ancilla is

|ψ〉 ⊗ |0〉.

These then undergo a joint unitary transfor-
mation

Û(|ψ〉 ⊗ |0〉).

The ancilla is then measured. This measure-
ment is given by some set of orthogonal pro-
jectors P̂j = P̂†

j , where j labels the possible
outcomes.

P̂jP̂k = δjkP̂j ,
∑

j

P̂j = Î .

For the present, we assume that this must
be a complete local measurement which leaves
the state and ancilla unentangled.



If the measurement is local, then the projec-
tors have the form

P̂j = Î ⊗ Q̂j

where the {Q̂j} are a decomposition of the
identity on the ancilla space. In order for
them to represent a complete local measure-
ment, they must all be one-dimensional:

Q̂j = |φj〉〈φj |,

where {|φj〉} is an orthonormal basis on the
ancilla space.

The probability of outcome j is

pj = (〈ψ| ⊗ 〈0|)Û†P̂jÛ(|ψ〉 ⊗ |0〉).

Note that {Û†P̂jÛ} is still a set of orthogonal
projectors! So we can also think of this as a
joint measurement on the system and ancilla.



Note that the above expression for pj is bilin-
ear in |ψ〉. This means that we can find a set
of positive operators Êj on the space of the
system alone such that

pj = 〈ψ|Êj |ψ〉,
∑

j

Êj = Î .

Here is one way of seeing that. Let {|i〉S}
be a basis for the system and {|j〉A} be a
basis for the ancilla (which includes the state
|0〉). Then {|i〉S ⊗ |j〉A} is a basis for the
joint system and ancilla. Any operator can
be written in terms of this basis

Ô =
∑

i,i′,j,j′

O(ij)(i′j′)|i〉〈i′| ⊗ |j〉〈j′|.

We can express the joint state |ψ〉 ⊗ |0〉 as

|ψ〉 ⊗ |0〉 =
∑

i

αi|i〉 ⊗ |0〉.



The expectation value then becomes

(〈ψ| ⊗ 〈0|)Ô(|ψ〉 ⊗ |0〉) =
∑
i,i′

α∗
iO(i0)(i′0)αi′ ,

which is the same as 〈ψ|Ê|ψ〉 for an operator
on the system space alone defined by

Ê =
∑
i,i′

O(i0)(i′0)|i〉〈i′|.

In the case of our indirect measurement, the
operators Êj would be defined by substitut-
ing Ô = Û†P̂jÛ . The operators Êj must be
positive because the probabilities pj are non-
negative for every |ψ〉, and they must sum
to the identity because

∑
j pj = 1 for every

|ψ〉. But note that unlike projective measure-
ments, the Êj need not be projectors! This
is therefore a generalization, called Positive
Operator Valued Measurement (or POVM),
which includes projective measurements as a
special case.



This derivation in terms of indices with re-
spect to a particular basis is perfectly ade-
quate. But it can be made much more el-
egantly by a useful mathematical tool: the
partial trace.

Recall that the usual trace is the sum of the
diagonal elements of an operator:

Tr{Ô} =
∑

j

〈j|Ô|j〉.

This is a linear map from operators to com-
plex numbers: Tr{aÂ + bB̂} = aTr{Â} +
bTr{B̂}.

Suppose now that our space is a tensor prod-
uct HA⊗HB . For a product operator Â⊗ B̂
on this space, the partial trace of Â⊗ B̂ over
B is

TrB{Â⊗ B̂} = Tr{B̂}Â,

where the trace on the right-hand side is on
HB , and the result is an operator on HA.



Naturally, we could also trace over A:

TrA{Â⊗ B̂} = Tr{Â}B̂.

The definition extends to general operators Ô
on HA ⊗HB by linearity:

Ô =
∑

`

Â` ⊗ B̂`, TrB{Ô} =
∑

`

Tr{B̂`}Â`.

If we represent Ô in terms of bases {|i〉} and
{|j〉} on HA and HB

Ô =
∑

i,i′,j,j′

O(ij)(i′j′)|i〉〈i′| ⊗ |j〉〈j′|,

then

TrB{Ô} =
∑
i,i′,j

O(ij)(i′j)|i〉〈i′|,

TrA{Ô} =
∑
i,j,j′

O(ij)(ij′)|j〉〈j′|.



We can then define the operators Êj in terms
of the partial trace in a very natural (and
basis-independent) way. Note that

pj = Tr{(|ψ〉〈ψ| ⊗ |0〉〈0|)(Û†P̂jÛ)}.

We define the positive operators

Êj = Tranc{(Îsys ⊗ |0〉〈0|)(Û†P̂jÛ)}.

This gives us

pj = Tr{|ψ〉〈ψ|Êj} = 〈ψ|Êj |ψ〉,

as desired.



Uses of POVMs

Since POVMs are more general than projec-
tive measurements, in some cases they make
possible new and different tricks.

Remember the problem of distinguishing two
nonorthogonal states |ψ〉 and |φ〉, 〈ψ|φ〉 6= 0.
The best we can do with a projective mea-
surement is use P̂0 = |ψ〉〈ψ|, P̂1 = Î − P̂0.
In this case, if we get result 1 we know that
the system cannot have been in state ψ, since
〈ψ|P̂1|ψ〉 = 0. So it must have been in state
φ. In the case of result 0, however, we cannot
tell.

We can design a similar projective measure-
ment based on |φ〉. But we cannot treat the
two states symmetrically and still have results
that tell us which state was prepared with
certainty.



What if we are allowed to do a POVM? Con-
sider the following three operators:

Ê0 =a(Î − |ψ〉〈ψ|),
Ê1 =a(Î − |φ〉〈φ|),
Ê2 =Î − Ê0 − Ê1.

Clearly
∑

j Êj = Î. The number 1/2 ≤ a ≤ 1
must be chosen small enough that Ê2 is a
positive operator. What are the probabilities
of these outputs for the states |ψ〉 and |φ〉?

In state |ψ〉,

p0 = 0, p1 = a(1− |〈ψ|φ〉|2), p2 = 1− p1.

In |φ〉,

p0 = a(1− |〈ψ|φ〉|2), p1 = 0, p2 = 1− p0.

So if we get result 1 we know the system must
have been in state ψ, and if we get result 0
we know it must have been in state φ. Only
if we get result 2 are we unable to tell.



Generalized measurements

POVMs tell us the probabilities of outcomes
for an indirect measurement, but they don’t
say what state the system is left in. It would
be useful to generalize this aspect of projec-
tive measurements as well.

We prepare the ancilla in state |0〉 and do a
joint unitary Û . We then make a complete
measurement of the ancilla. Let the eigenba-
sis for this measurement be |j〉. Since we have
control over both the initial state of the an-
cilla and the unitary transformation Û (i.e.,
which circuit is performed), without loss of
generality we can assume that the initial an-
cilla state |0〉 is also a member of this basis.
After measurement result j, the (unrenormal-
ized) system and ancilla are in the state

(Î ⊗ |j〉〈j|)Û(|ψ〉 ⊗ |0〉) = |ψj〉 ⊗ |j〉.

What is |ψj〉?



The key insight is that this expression is lin-
ear is |ψ〉; therefore, there must be some op-
erator M̂j such that

|ψj〉 = M̂j |ψ〉.

The probabilities are pj = 〈ψj |ψj〉 =
〈ψ|M̂†

j M̂j |ψ〉, so we must have

Êj = M̂†
j M̂j ,

∑
j

M̂†
j M̂j = Î .

We call the set of operators {M̂j} the mea-
surement operators corresponding to the gen-
eralized measurement; Êj is the POVM ele-
ment corresponding to outcome j. Note that
M̂†

j M̂j is automatically a positive operator.
This description in terms of operators {M̂j}
is called a Kraus representation.



How do we find the operators {M̂j}, given the
initial state |0〉, the unitary transformation
Û , and the eigenbasis {|j〉}? We could write
Û in terms of its matrix elements U(ij)(i′j′),
but we will instead partially decompose Û
just in terms of the ancilla basis:

Û =
∑
j,j′

Âjj′ ⊗ |j〉〈j′|,

where the operators Âjj′ act on the system
Hilbert space. (In effect, we have chopped up
the matrix Û into D ×D blocks.)

We then get

Û(|ψ〉 ⊗ |0〉) =
∑

j

Âj0|ψ〉 ⊗ |j〉,

and our expression for |ψj〉 becomes

|ψj〉 = Âj0|ψ〉 ≡ M̂j |ψ〉.



We have seen that for an ancilla in state |0〉, a
unitary transformation Û and a measurement
basis |j〉, we can find measurement operators
{M̂j} which describe the measurement out-
come

|ψ〉 → M̂j |ψ〉/
√
pj , pj = 〈M̂†

j M̂j〉.

But is the converse true? Given any set
of m operators {M̂j}, can we find an an-
cilla, unitary transformation and measure-
ment which will enact this generalized mea-
surement? The answer is yes, given a couple
of important provisos.

First (and most obvious): if there are m mea-
surement operators, the ancilla must have di-
mension≥ m. Next, we need to find a unitary
transformation Û such that

Û(|ψ〉 ⊗ |0〉) =
∑

j

M̂j |ψ〉 ⊗ |j〉.



Writing Û in terms of a partial decomposition

Û =
∑
j,j′

Âjj′ ⊗ |j〉〈j′|,

we identify Âj0 = M̂j . Unitarity requires
that

Û†Û = Î ⊗ Î

which means that∑
k

Â†
jkÂkj′ = δjj′ Î .

In particular, for j = j′ = 0 we must have∑
j

M̂†
j M̂j = Î .

Given that, it is always possible to find a set
of other operators Âjj′ for j′ > 0 which make
Û unitary. So for any set of measurement
operators that satisfy this sum, we can do
the generalized measurement.



If the measurement has only two possible out-
comes, and the measurement operators are
Hermitian, then we can choose the ancilla to
be a single q-bit, and there is a particularly
simple form for this unitary. Let

M̂i = M̂†
i , M̂2

0 + M̂2
1 = Î , [M̂0, M̂1] = 0.

Û = M̂0 ⊗ Ẑ + M̂1 ⊗ X̂,

It is easy to check that this is unitary:

Û†Û = (M̂2
0 +M̂2

1 )⊗ Î+M̂0M̂1⊗(X̂Ẑ+ ẐX̂)

= Î ⊗ Î = Î ,

and that

Û(|ψ〉 ⊗ |0〉) = M̂0|ψ〉 ⊗ |0〉+ M̂1|ψ〉 ⊗ |1〉.

Other cases are more complicated than this,
but the principle is similar. (Actually, any
generalized measurement can be broken down
into two-outcome measurements like this and
unitaries conditioned on the outcomes.)



What does such a generalized measurement
look like in practice? Here is a picture of
ions in an electromagnetic trap undergoing
an indirect measurement by a laser:

The laser is tuned in resonance with a tran-
sition from a particular electronic state to an
excited, short lived state. If an ion is in that
initial state, the laser makes it fluoresce.



Quantum operations

Something to reflect on: this prescription for
generalized measurements is very general in-
deed. In fact, it includes things which don’t
look very much like measurements. Consider
the following examples:

M̂0 = (1/
√

2)Î , M̂1 = (1/
√

2)Î .

This has p0 = p1 = 1/2 for all states, and
leaves the state totally unchanged. In ef-
fect, we haven’t measured anything; we’ve
just generated a bit of randomness.

M̂0 = ε|0〉〈0|, M̂1 = ε|1〉〈1|, M̂2 =
√

1− ε2Î ,

with ε� 1. Most of the time, this does noth-
ing. But every once in a while, it does a mea-
surement in the Z basis. We can think of this
as an unreliable measurement device.



Here is a different kind of unreliable device:

M̂0 = (1/
√

2)Û0, M̂1 = (1/
√

2)Û1,

where Û0 and Û1 are unitary. This is a prob-
abilistic gate: half the time it performs uni-
tary Û0, and half the time Û1. Such gates
arise naturally in certain schemes for quan-
tum computation (notably, the linear opti-
cal scheme of Knill, Laflamme and Milburn).
We can also think of the Bell state measure-
ment in quantum teleportation as performing
a probabilistic gate on the transmitted q-bit.

All of these cases had random outcomes. Are
there any which are deterministic? This
would correspond to a set with only a single
operator M̂ . In this case, our sum normaliza-
tion implies that M̂†M̂ = Î, i.e., M̂ must be
unitary. So we see that unitaries are the only
deterministic operations in quantum mechan-
ics; and that they, too, count as generalized
measurements.



Because of this tremendous breadth, gener-
alized measurements are often referred to as
quantum operations. These include every-
thing we’ve seen so far: unitaries, projec-
tive measurements, POVMs, and a good deal
more besides.

In fact, the class of quantum operations can
be expanded in several ways. One (which we
will see later) corresponds to doing an incom-
plete measurement on the ancilla. In order to
treat this, we will need to learn about density
matrices and mixed states. Another (which
we will not consider in this course) corre-
sponds to operations with postselection, i.e.,
keeping the system only for certain measure-
ment outcomes and discarding it otherwise.
This lets one relax the requirement that the
POVM elements add up to the identity.



Information and Entropy

How much information do we get about a
quantum system from a measurement? This
is a subtle question, when applied to quan-
tum mechanics, and we will continue to ad-
dress it throughout the course. One ques-
tion, though, has a straightforward classical
answer: how much information is produced by
a measurement?

Classically, information is quantified by the
Shannon entropy:

S = −
m∑

j=1

pj log2 pj ,

where the {pj} are the probabilities of the
m different outcomes and the information is
measured in bits. We can calculate the infor-
mation production by plugging in the expres-
sions pj = 〈Êj〉.



The Shannon entropy characterizes the un-
certainty of a measurement; the more uncer-
tain the outcome, the more we learn by mak-
ing the measurement. It is easy to see that S
has a minimum of 0, which is achieved when
pj = 1 for some j and all other probabilities
are 0. The (unique) maximum occurs when
all outcomes are equally likely: pj = 1/m,
and S = log2m.

It would be a mistake, though, to assume
that the Shannon entropy of a measurement
is equal to the information we gain about the
system. In fact, we may gain no information
at all, as we saw in the case M̂0 = M̂1 =
Î/
√

2. The most we can say is that S gives an
upper bound on the information gain. Char-
acterizing the information in quantum sys-
tems is a difficult and subtle issue.

Next time: Classical computation


