On the dichotomy of evolution families on the half-line:
a Lyapunov-type approach.
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Abstract. Theorems characterizing the exponential dichotomy of evo-
lution families are obtained by proposing a Lyapunov-type operator ap-
proach. Thus, are extended classical results due to Coppel [3], Datko [5],
Daleckij-Krein [4], Massera and Schaffer [8] and also few recent results
due to Chicone-Latushkin [2].

1 Introduction

Let X be a Hilbert space with inner product (-,-) and B(X) the Banach
algebra of all bounded linear operators acting on X. We denote by || - || the
norms of vectors and operators on X. Consider the Cauchy Problem

du(t, x)

s At)u(t,z), uw(0,2) =2z € X, t >0

with A : IR, — B(X) is measurable and locally integrable.
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Roughly speaking, by dichotomy we understand the existence of a projector-
valued function , P(-), such that the solutions which start in ImP(0) decay (in
norm) to zero, and the solutions which start in Im(/ — P(0)) are unbounded.
Moreover, if P(0) = I we get that the above differential system is stable.
Recall now that the widely known theorem of A.M. Lyapunov states that if
A is a n X n complex matrix then A has all its characteristic roots with real
parts negative if only if for any positive definite Hermitian matrix H there
exists a unique positive definite Hermitian matrix W satisfying the equation
A*W +WA = —H (where * denotes the conjugate transpose of a matrix) (see
1))

The passing to the infinite-dimensional framework is due to Krein and
Daleckij in [4] where it is stated that {e!4};>¢, with A € B(X), is exponentially
stable if and only if there exists W € B(X), W >> 0 (i.e. there exists m > 0
such that (Wz,z) > mlz||? for any z € X), which solves the Lyapunov
equation

(L) AW+WA=—-1I.

This result is elegantly extended in 1970 by R. Datko (see [5]), by establishing
the equivalence between the exponential stability of a general Cy-semigroup
T = {T'(t)};>0 and the existence of a W € B(X), W* = W, W > 0 such
that (Ax, Wx) + (Wax, Az) = —||z|[?, for all z € D(A), where A denotes the
generator of T.

A Lyapunov-type approach for the general case of exponential dichotomy
of {e"};50 (with A € B(X)) can be found also in [4] where the exponential
dichotomy is completely characterized by the existence of W € B(X), W* =W
such that (L) hold (see [4], Theorem 1.7.1). Note that here W is required to be
only self-adjoint, since for stability W is assumed to be also positive. Recently,
in their monograph, C. Chicone and Y. Latushkin generalize the above results
to the case of an unbounded generator A of a Cjy-semigroup, characterizing the
exponential dichotomy by using two Lyapunov equations (see [2], Subsection
4.4.1.). See also C. Chicone [2], Y. Latushkin [2], A. Pazy [10], J. Goldstein
[7], and L. Pandolfi [9] for the Lyapunov equation with unbounded A.

For the time-varying finite-dimensional systems we have firstly the work of
Coppel [3] where it is stated that if the non-stationary Lyapunov inequality
W'(t)+ A*(t)W(t) + W(t)A(t) < —I has a bounded self-adjoint solution then
the system 4(t) = A(t)u(t)) has an exponential dichotomy. Note that Coppel
[3] uses, in an essential way, the finite-dimensional assumption since his proof
relies strongly on the compactness of the unit ball. Also, this subject is touched
upon by Massera and Schaffer in [8] even in the infinite-dimensional context
but with the additional assumption that the subspace which induces dichotomy
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has finite codimension. See also Sacker and Sell [15].

2 The dichotomy of evolution families

As it is known, in order to employ the modern techniques of functional anal-
ysis and operator theory in the study of the asymptotic behaviour of the
solutions of above system «(t) = A(t)u(t)) one generally considers a two-
parameter family of bounded and linear operators, the so-called evolution
family ®(t,ty) = U(t)U'(ty), where U is the unique solution of the Cauchy
Problem denoted by

U(t) = A()U(t)

(A,0,1) { U(0) = I, the identity on X

We refer the reader to [4], [8] or [11] for details.

Definition 2.1: An operator-valued function
O:{(t,s) e RxR:t>s>0}— B(X) is called an evolution family if the
following properties hold:

o ) O(t,t) =1, for allt > 0;
o c3) O(t,s)P(s,7) = O(t,7), for allt > s >r >0;

o ¢3) O(-, s)x is continuous on [s,00), for all s >0, x € X and ®(t,-)x is
continuous on [0,t), for allt >0, x € X;

e ¢,) there are M,w > 0 such that

|®(t,5)|| < Me*™2, forall t>s>0.

Example 2.1. Consider the above operator Cauchy Problem (A,0, 7). If
t+1
A: R, — B(X) is measurable and locally integrable and sup [ ||A(7)||dr <
t>0 ¢

oo then @(t,ty) = U(t)U ' (to) is an evolution family which has the additional
property that (e2) holds for any t,s,r € IR. See for instance [4] or [§].

Throughout in this paper we suppose that for every t, > 0 the vector
subspace
Xl(t()) = {ZL' e X: @(-,to)l’ S Lﬁ?),oo)(X)}

is closed in X, where LgZ (X) is the Banach space of X-valued functions

f defined a.e. on [ty, 00), such that f is strongly measurable and essentially
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bounded. Denote by X5(ty) a complement of X(¢y) and by P(ty) a projector
(that is P(tg) € B(X), P*(ty) = P(to)) such that Ker P(ty) = X(to) and
also we denote by Q(to) = I — P(to).

Remark 2.1: If & is the evolution family from Example 1.1, then
Xi(to) = Ulte)X1(0), Xo(tg) = Ul(to)X(0) and P(ty) = Ul(te)P(0)U(to),
for all ty5 > 0. Thus, in the case of evolution families generated by differential
system the splitting at any moment ¢5 > 0 can be obtained by the splitting
at the moment zero. We will assume in what follows that the projector-valued
function P(-) is strongly continuous and bounded on R™. Also, we will say
that P(-) is a dichotomy projector family if in addition it satisfies

° @(t,tQ)P(to) = P(t)q)(t,to), for all ¢ Z t() Z 0
o O(t,ty) : KerP(ty) — KerP(t) is an isomorphism for all ¢t > tq > 0;
Definition 2.2. An evolution family ® is said to be uniformly exponentially

dichotomic (u.e.d) if there exist a projector family P and Ny, No,v > 0 such
that

o dy) ||®(t, to)P(to)x|| < Nie V1| P(to)x||, for all x € X and all t >
to > 0.

o dy) ||®(t, t0)Q(to)x|| > Noe?10)||Q(to)x||, for all x € X and all t >
to > 0.
Definition 2.3. The differential system & = A(t)z is uniformly exponentially
dichotomic if there exist N, v > 0 such that
o d) |[UHPO)U(s)|| < Ne™¥=9) forall t > s > 0.
o dy) |[UHQO)U(s)|| < Ne¥= for all s >t > 0.
where U(-) is the unique solution of (A,0,I).

Remark 2.2. If A(-) is as in Example 2.1, then Definition 2.3 is a version
of Definition 2.2 for the particular case of evolution families generated by
differential systems (see for instance [4, Lemma 3.2/page 165]).



3 Lyapunov method for the dichotomy of dif-
ferential systems

We will start by recalling an auxiliary theorem which we need in what follows.

Let A(-) be a locally integrable, B(X)-valued function, with
t+1
sup [ ||A(7)|dr < 0.

t>0 ¢
Theorem 3.1 [12, Corollary 3.3] The differential system & = A(t)x, is
uniformly exponentially dichotomic if and only if there exist N,p > 0 such that

([ I0@POU @alran? + ([ [U@QOU el dr)? < Nal,

forallt>0 and z € X.

Note that the above theorem is one of the first extensions of Datko’s theorem
to the exponential dichotomy of differential systems and was done in 1980 (see
[12] or [14]). The so-called Datko’s theorem originated in the proof of the main
theorem from [5] (see the introduction) and has come into widespread usage in
the theory of stability for strongly continuous semigroups of linear operators.
More precisely, Datko states in [5] that a Cy-semigroup T = {T'(t)}:>0 is
exponentially stable if and only if, for each vector x from a general Hilbert
space X, the function ¢ — || T(¢t)z|| lies in L*(IR,, Ry) (where R, = [0,00)).
Later, A. Pazy (see for instance [11]) shows that the result remains valid even
if L*(IRy,IR,) is replaced by any LP(IR,,IR.), where p € [1,00) and X is
a general Banach space. A Datko-type theorem for the dichotomy of Cp-
semigroups was approached in [13]. In 1973, R. Datko in [6] proposes a similar
condition (as for Cy— semigroups) for the uniform exponential stability of an
abstract evolution family.

Theorem 3.2. The differential system & = A(t)x is uniformly exponen-
tially dichotomic if and only if there exists W : IR, — B(X) a differentiable
operator-valued function with sup [|[W(t)|| < oo and W*(t) = W (t), for each

£>0

t > 0, such that:
o i) W(t)+ A*(t)W(t) + W (t)A(t) < —I, for each t > 0;
o ii) (W(t)x,z) >0, for each x € P(t)X and t > 0;

e iii) (W (t)x,z) <0, for each x € Q(¢t)X and t > 0;
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Proof. Sufficiency. Let x € X and t > 0. We define
p(t) = (WU ) PO)U (to)z, U#)P0)U (to)).
Then
p(t) = (W () + A" (OW (1) + W (AU () PO)U (to)x, U(t) P(O)U (to))
< = U@ POU (to)z]|.
Thus we can obtain that,

/t [U(T)PO)U (to)|[*dr = @(to) — o(t) < (W (to) P(to)x, Plto)x) < kllz[*,

where k = sup ||W (¢)|||| P(t)]|*. Hence we have
>0

/ [|U(T)P(0O)U (ty)z||*dr < K||x||?, for allty > 0 and z € X.

to

Using a similar argument as above for

U(t) = (WU Q)T (to)z, Ut)QO)U ™ (to)x)

we obtain
/to U (T)QO)U ™ (to)x|[Pdr = ()= (ty) < —t(to) < W (ko) Q(to)2[* < K'[]][?,

for all ty >t > 0, where k' = sup W (@)[[|Q(t)]|*. Thus

to
/ U (T)QO)U (to)z|[*dr < K'||x||?, for allt; > 0 and x € X.
0
Applying Theorem 3.1, the system @(t) = A(¢)x(t) is uniformly exponentially

dichotomic.
Necessity. By Definition 2.3. we can construct W : IR, — B(X) as follows

W) =2 /t S U PO (1)U () PO (t)dr—

9 / U@QOU (1) U(MQO)U (t)dr
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Then (W (t) + A*()W () + W (t)A(t)) = —2P*(t) P(t) — 2Q*(t)Q(t) < —1I, for
all t > 0. Note that P(t) is given by Remark 2.1. It is routine to check that
W (-) satisfies the conditions (ii) and (ii).

The above theorem extends Coppel’s result from [3] (see the introduction
for details) to the infinite-dimensional case. Also, Theorem 3.2 removes the
very restrictive assumption that X (0) has finite codimension assumed in [8,
Theorem 92.A /page 321].

4 Lyapunov method for the dichotomy of ab-
stract evolution families

We list below a theorem which is important for obtaining the results in this
section.

Theorem 4.1, [14] The evolution family ® is uniformly exponentially
dichotomic if and only if there exist m, N > 0 and p > 0 such that

. (TH‘I)(Eto)P(to)onpdt)% < NI|P(to)xol|,

to

. (tft |95, t0)Q(to)aolPds)r < N[ (¢, 10)Q(to)ol

o [[®(to + 1,10)Q(to)woll = m|Q(to)xoll,

forallt >ty >0 and ¢ € X.

Note that the above theorem is a version of Theorem 3.1 for the general case of
abstract evolution families and extends Datko’s result from [6]. For details we
refer the reader to [14]. In what follows we will consider the evolution families

O such that ®*(-, s) is strongly continuous on [s,00), for each s > 0. Also, we
define .
[,(t, to)x = / P (7', tg)@(’]’, to)l‘dT.

to
Taking into account the above assumption we have that £ is well-defined. The
obtaining of a corresponding Lyapunov operator equation for the exponential
dichotomy in the general infinite-dimensional context is not at all trivial even
for the particular case of time-invariant systems u(t) = Au(t) where A is an



unbounded linear operator which generates a Cy-semigroup (as it is known a
Co-semigroup is a particular case of an evolution family {®(¢,s)}i>s>0 when
we impose that ®(t,s) = ®(t — s,0).)

In order to solve this problem as general as possible, we will deal in this
part with the abstract evolution families (see Definition 1.1.), not necessarily
generated by a differential system, and we propose a Lyapunov approach for
their exponential dichotomy. Moreover, the main result, Theorem 4.2, gives
a sufficient condition for the exponential dichotomy in the most general case
of the existence of a projector family not necessarily dichotomic (i.e. we do
not assume the invertibility of the operator ®(¢,y) on KerP(ty)), extending
implicitly the recent results from [2].

Summarizing, we note that the results from this section extend the clas-
sical results due to Coppel [3] (from finite to infinite dimensional context),
Datko [5] (from time-invariant to time-varing systems), Daleckij-Krein [4] (see
the introduction), Massera-Schaffer [8] (from differential systems to abstract
evolution families and by removing the strong assumption that X (0) has finite
codimension) and Chicone-Latushkin [2].

Theorem 4.2. Let ® be an evolution family acting on the Hilbert space
X. If there exist m > 0 and W : RY — B(X) a measurable and locally
integrable function with sup |W ()| < co and W*(t) = W(t), for each t > 0,

>0

such that:
o 1) (¢, to)W(H)D(t, 1) + L(t, o) < W(to), for each t >t > 0;
e ii) (W(t)x,z) >0, for each x € P(t)X and t > 0;
e iii) (W (t)x,x) <0, for each z € Q(¢)X and t > 0;
o iv) m||Q(t)x|| < ||P(t+ 1,t)Q(t)z||, for each t > 0 and x € X.

then @ is exponentially dichotomic.
Proof. Let z € X and t >ty > 0. Then by (i) we get that

(W(t)D(t,t0)P(to)x, P(t,to)P(to)x) + /tt [|® (7, to) P(to)z|Pdr <

S <W(to)P(t0)Qf,P(t0)$>

Using now (ii) we have that
t
/ 1(7. to) P(to)[[Pdr < [[W(to)]] [l2[|* < Kl |][*,
to
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where k = sup ||W (t)|| || P(t)||*>. Thus,
>0

/ (7, to) Pto)| 2dr < E||2]|2, for all to > 0, andz € X.

to

Using (i) and (iii) we get that
/t 19 (7. t0)Q(to)z| Pdr < (W (t0)Q (o), Qto))—

—(W(@)2(t, t0)Q(to)x, P(t, t0)Q(to)x) <
< | (W(6)D(t,t0)Q(to)x, B(t,10)Q(to)x) | < sup W (@) 1@, 1) Q(t0) |,
for all t > tg > 0 and x € X. Applying now Theorem 4.1, we obtain that

® is exponentially dichotomic. We note that, here, the technique of proofs is
completely different than the one from the work of Coppel (see [3]).

Remark 4.1. Condition (iv) from the above theorem is automatically
satisfied for the evolution families arising from differential systems. For details
we refer the reader to Lemma 2.4./page 111 from [4].

Theorem 4.3. Let ® be an exponentially dichotomic evolution family. If
P : R, — B(X) is a dichotomic projector family, then there exist m > 0
and W : IR" — B(X) a measurable and locally integrable function, with
sup [|[W(t)]| < oo and W*(t) = W (t), for each ¢ > 0, such that:
>0

L] l) @*(t,to)W(t)CI)(t, to) + ﬁ(t, to) < W(to), for each ¢ >ty > 07

e ii) (W(t)x,z) >0, for each t > 0 and z € P(t)X;

o iii) (W(t)x,z) <0, for each t > 0 and = € Q(t)X;

o iv) m||Q(t)x|| < ||P(t+ 1,t)Q(t)z||, for each t > 0 and x € X.

Proof. Since ® is exponentially dichotomic we can define W : RT —
B(X),

W(t)a =2 /t (@, ) P() (1) P(#)dr—

9 /0 (@1 (¢, 7)Q1)) O (¢, 7)Q(t)2dr



Then

O*(t,to) W (t)P(t, to)r = 2/00((1)(7, OP()D(t, o)) (7, t)P(t)D(t, to)xdT—

—2 /Ot(cb—l(t, T)Q)D(t,0)) P (¢, 7)Q(t) D (¢, to)wdT =
=2 [ (@(r.t0) Pt0))"B(r. o) Pt~
) /0 * (1, 7)D(t, 1) Qlto) B (£, 7)D (2, 1) Q (ko T
-2 [[@7 0,000 1.8 ) Q0 o~
_ /t:o(CI)(T,tO)P(to))*QD(T,tO)P(to)xdT—
2 /t:((I)(T,tO)P(tO))*CI)(T, 1) P(to)wdr—
2 [0 0 QM) 0, Ut
) /t:(cp(f, 10)Q(t0))* ® (7, t0)Qto)xdr =

= W(to)ﬂ? — Q/t ((I)(T, to)P(to))*q)(T, to)P(to)[EdT—

9 /t (D (7. 10)Q(to) (7. ) Olto)xdr,
forall t >ty > 0 and z € X. Thus
(0) (¢, to)W()D(t, to)z + 2 / t(@(T, to) P(t0))*®(7, to) P(to)wdr+
+2 [ (@7, 0)Qlt0) D(r ) Qtohadr = W (1),
forallt >ty > 0and x € X. But
<2/t (D(7,t0) P(to))*®(7,t0) P(to)xdr, x)+
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iy / (@ (7 10)Q(t0))* B (7. 10) Qo) adr, ) =

to

_2/ 1B (7, t0) P(ty)2 dT—i—Q/ 1B (7 t0)Qto)z|2dr
and

/ |®(7, to)z||*dT = </ O*(1,t0) (T, to)xdr, ) =
:/t [|®(7,t0) P(to)x + ®(7,0)Q(to)x||* <

< / 11007, o) P(to)] P + || B(r. t0) Qo)+
12| (r, to) P(to)|| || B(r t0)Q(to)z]| Jdr <
<2 / 19 (r, t0) Pto)a] *dr + 2 / 19 (r. t0)Q(to)r|Pdr,

which implies

(L(t,to)x,x) < (2/ (P(7,t0)P(to)) P(T, to) P(to)xdr, x)+

to
t
L2 / (B (7 1) Q1)) ® (7, o) Qlto)xdr, ), for allz € X, and ¢ > fo > 0.

to

Using now (¢) we get that
O*(t, t)W (D) (t, o) + L(t,t0) < W(to), for allt >t > 0.

If we take z € P(t) X we get
(W(t)z,z) = 2/00 |®(7, t)x||*dr >0, forallt >0,
¢
and for x € Q(t)X we have
(W(t)x,x) = =2 /t @1 (t, 7)x||*dr <0, forallt> 0.
0

Since ® is exponentially dichotomic, there exist Ny, v > 0 with

[|D(t, to)Q(to)x|| > Nge”(t_tO)HQ(tg)a:H, forallt >t >0, and z € X,
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which implies

Noe”||Q(to)x|| < ||®(to + 1,t0)Q(to)x||, for alltg >0, and z € X.
Thus there exist m = Noe¥ > 0 with

m||Q(to)x|| < ||P(to + 1,t0)Q(to)z||, for allty >0, for all z € X.

Thus, in the case of the existence of a dichotomic projector-family, we can

have a complete characterization of the exponential dichotomy of an evolution
family which we state as

Corollary 4.1. Let P : IR, — B(X) be an dichotomic projector family.
Then @ is exponentially dichotomic if and only if there exist m > 0 and W :
IR* — B(X) a measurable and locally integrable function with sup ||[W ()| <

>0

oo and W*(t) = W(t), for each t > 0, such that:
o i) *(t,to) W (t)D(t o) + L(t o) < W(to), for each t >ty > 0;
e ii) (W(t)x,z) >0, for each t > 0 and z € P(t)X;
e iii) (W(t)x,z) <0, for each t > 0 and = € Q()X;
o m||Q(t)x|| < ||P(t+1,t)Q(t)x||, for each t > 0 and = € X.

Theorem 4.4. Let ® be an evolution family acting on the Hilbert space X.

If there exist m > 0 and W : IR, — B(X) a measurable and locally integrable

function with sup ||W (¢)|| < co and W*(t) = W(t), for each ¢ > 0, such that:
>0

o 1) (¢, to)W(H)D(t, 1) + L(t, o) < W(to), for each t >ty > 0;
o ii) (W(t)x,z) >0, for each z € P(t)X and t > 0;
e iii) (W (t)z,x) < —m]|z||?, each z € Q()X and t > 0;

then @ is exponentially dichotomic.
Proof. Let z € P(ty)X and t >ty > 0. Then

(W(t)D(t,to)z, P(t,t0)x) +/t |® (7, to)z||*dT < (W (o), z),
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which implies
t
/ 197, to)z||*dr < [|[W (to)|| [|2]]* < Sup W@ 2]]* = ell] P,
to =

where ¢ = sup ||W (t)||. Thus we obtain
>0

(00) / |® (7, to)z||*dT < c||z||?, for allz € P(ty)X, andty > 0.

to

Let © € Q(t9)X and t > t; > 0. Then

/ 1 (7, to)||2dr < (W (to)a, z) — (W) (t, to)x, B(t, to)z) <

to

< (W (R)D(t, to)x, D(t, to)x) | < k||®(L, to)z||?,

and
(W(t)D(t,to)z, D(t,t0)x) < (W(ty)z,x), forallt >ty >0, and z € Q(t)X.
Thus
(W (to+1)®(tg+1,to)x, P(to+1,t0)x) < —ml|z||?, for allty >0, and z € Q(ty)X.
Thus we get that
m||z|]? < —(W(tg + 1)®(tg + 1,t0)x, P(ty + 1, t0)x) < c||®(to + 1,t0)z|[?,

for all o > 0 and = € Q(tp)X, which implies that

2] < | @(to + 1, to)z|], for alltg > 0, and x € Q(ty)X.
C

Taking into account (¢¢) we can apply Theorem 4.2. and thus we obtain that
® is exponentially dichotomic.
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