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1 Intro duction

Since the seminal work of Pardoux-Peng [19], there have been numerous publica-
tions on Badkward Stochastic Di®erertial Equations(BSDEs) and Forward-Badckward
SDEs (FBSDEs). We refer the readersto the book Ma-Yong [17] and the reference
therein for the details on the subject. In particular, FBSDEs of the following type
are studied extensiely:

VA t VA t

b(s; Xs; Ys; Zs)ds+  ¥s; Xs; Ys)dWs;

0 Z¢ 0 Zg (1.1)
2 Yy = o(X1) + t f(s;Xs; Ys; Zs)ds t ZdW;

8
EXt:x+

where W is a standard Brownian Motion, T > 0 is a deterministic terminal time,

and b;%;f ;g are deterministic functions. Here for notational simplicity we assume
all processesre 1-dimensional. It is well known that FBSDE (1.1) is related to the

following parabolic PDE on [0; T] £ IR (see,e.qg.,[13], [2Q], and [7])

( U+ S32(t X U)uw + Bt X5 U 9L X5 u)u)uy + (8 X U 34t X; u)uy) = 0;

u(T;x) = g(x);

in the sensethat (if a smooth solution u exists)

(1.2)

Yo = u(t; Xo);  Ze = uy(t Xo) 34t X u(t; Xy)): (1.3)

Due to its importance in applications, numerical methods for BSDEs have re-
ceived strong attention in recen years. Bally [1] proposedan algorithm by using
a random time discretization. Basedon a new notion of L2-regularity, Zhang [21]
obtained rate of corvergencefor deterministic time discretization and transformed
the problemto computing a sequencef conditional expectations. In Markovian set-
ting, signi cant progresshas beenmadein computing the conditional expectations.
The following methods are of particular interest: the quantization method (see,e.g.,
Bally-Pagas-Printems [2]), the Malliavin calculusapproad (seeBouchard-Touzi [4]),
the linear regressiomrmethod or the Longsta®-Shwartz algorithm (seeGobet-Lemor-
Waxin [10]), and the Picard iteration approad (seeBender-Denk[3]). Thesemethods
work well in reasonablyhigh dimensions. There are also lots of publications on nu-
merical methods for non-Markovian BSDESs (see,e.g.,[5], [6], [12], [15], [24]). But in
generalthesemethods do not work when the dimensionis high.

Numerical appraximations for FBSDESs, howewer, are much more ditcult. To our
knowledge,there are only very fewworks in the literature. The rst onewasDouglas-
Ma-Protter [9], basedon the four step scheme. Their main idea is to numerically
solve the PDE (1.2). Milstein-Tretyakov [16] and Makarov [14] also proposedsome
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numerical schemesfor (1.2). Recenly Delarue-Menozzi[8] proposeda probabilistic
algorithm. Note that all thesemethods essetially needto discretizethe spaceover
regular Cartesiangrids, and thus are not practical in high dimensions.

In this paper we aim to open a door to truly Monte-Carlo methods for FBSDEs,
without computing over all Cartesiangrids. Our main ideais to transform the FBSDE
to a stochastic cortrol problem and proposethe steepest desent methal to solve the
latter one. We shaw that the original (coupled) FBSDE can be appraximated by
solvinga certain number of decoupled FBSDEs. We then discretizethe approximating
decoupledFBSDEsin time and thusthe problem boils down to computing a sequence
of conditional expectations. The rate of convergenceis obtained.

We note that the idea to appraximate with a correspnding stochastic cortrol
problem is somewhatsimilar to the approximating sohability of FBSDEs in Ma-
Yong [18 and the near-optimal cortrol in Zhou [25]. Howeer, in those works the
original problem may have no exact solution and the authorstry to nd a so called
appraximating solution. In our casethe exact solution existsand we want to approx-
imate it with numerically computable terms. More importantly, in those works one
only caresfor the existenceof the approximating solutions, while here for practical
reasonswe need explicit construction of the approximations as well as the rate of
corvergence.

The key to the proof is a new well-posednesgesult for FBSDEs. In order to
obtain the rate of convergenceof our approximations, we needthe well-posednes®f
someadjoint FBSDES, which are linear but with random coezxcients. It turns out
that all the existing methods in the literature do not work in our case.

At this point we should point out that, unfortunately, our appraximating decou-
pled FBSDEs are non-Markovian (that is, the coexcients are random), and thus we
cannot apply directly the existing methods for Markovian BSDESs. In order to make
our algorithm exciently implemertable, somefurther modi cation of Markovian type
is needed.

Although in the long term we aim to solwe high dimensionalFBSDEs, asa rst
attempt and for technical reasons(in order to apply Theorem 1.2 below), in this
paper we assumeall the processesre one dimensional. We also assumethat b= 0

andf isindependeri of Z. That is, we will study the following FBSDE:
8 z,
3 Xe=x+ s Xs Yo)dWs;
0 24 Zy (1.4)
2V = g(X1)+  f(s;Xs;Ye)dsi  ZedWe:
t t

In this case,PDE (1.2) becomes
( U + S72(t X U)u + (8% U) = 0;

u(T; x) = g(x); (13)
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Moreover, in orderto simplify the presenation andto focusonthe mainidea,through-
out the paper we assume

Assumption 1.1 All the coexcients %;f ; g are boundel, smath enoughwith bounded
derivatives, and %is uniformly nondegeneate.

Under Assumption 1.1, it is well known that PDE (1.5) has a unique solution u
which is boundedand smaoth with boundedderivatives(see[11]]), that FBSDE (1.4)
hasa unique solution (X;Y;Z), and that (1.3) holdstrue (see[13]). Unlessotherwise
speci ed, throughout the paper we use(X;Y;Z) and u to denotethesesolutions, and
C;c > 0 to denotegenericconstarts depending only on T, the upper bounds of the
derivativesof the coexcients, and the uniform nondegeneracyf % We allow C; c to
vary from line to line.

Finally, we cite a well-posednessesult from Zhang[23] (or [22] for a wealker result)
which will play an important role in our proofs.

Theorem 1.2 Considerthe following FBSDE
8 z, Z,
3 Xi= X+ B! ;s; Xs; Ys; Zs)ds + ! ;s Xs; Ys)dWs;
0 Z 0 Z; (1.6)
PYe=giXn)+ f(GSIXa Ve Z)dsi - ZadWe;

Assumethat b;%f ; g are uniformly Lipschitz continuous with resgect to (x;y; z); that
there existsa constant ¢ > 0 suchthat

Vb - i gy + Yab, + %t (1.7)

and that

4 Z1 o]
= i+ j%%+ jfj?l( ;£ 0,0;0)dt < 1 :
0

n
152 E x*+jg(' ;0)%+
Then FBSDE (1.6) hasa unique solution (X;Y;Z) suchthat
n Z1 0
E sup[iXj?+ Y%+ jzj%dt - CIf;
0t T 0

wheee C is a constant depending only on T; ¢ and the Lipschitz constants of the coef-
“cients.

The rest of the paper is organizedasfollows. In the next sectionwe transform FB-
SDE (1.4) to a stochastic cortrol problem and proposethe steepest desceh method;
in x3 we discretizethe decoupledFBSDEs introducedin x2; and in x4 we transform
the discrete FBSDEsto a sequencef conditional expectations.
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2 The Steepest Descent Metho d

Let (- ;F;P) beacompleteprobability space W a standard Brownian motion, T > 0

a xed terminal time, F L fF tQo. t. 7 the Ttration generatedby W and augmeried
by the P-null sets. Let L?(F) denote squareintegrable F-adapted processes.From
now on we always assumeAssumption 1.1 is in force.

2.1 The Control Problem

In orderto numerically solve (1.4), we rst formulate a related stochastic cortrol prob-
lem. Givenyp 2 IR and z° 2 L?(F), considerthe following 2-dimensional(forward)
SDE with random coezcients (z° being consideredas a coexcient):

8 z,
2 X2=x+ s X0 YO)dW;
2, Zy (2.1)
2¥0=vyoi  f(S;XOYOds+  Z0dW;
0 0

and denote
4

.o 0y:2°
E jYri o(X7)j° : (2.2)

NI =

V (Yo; 2°)

Our rst resultis

Theorem 2.1 We have
n Zq 0
E sup[iX¢i X%+ iYei YO0+ jZei 202dt - CV(yo; 2%):
0-t- T 0

Proof. The ideais similar to the four step scheme(see[13]).
Stepl. Denote

CY, 2 Y00 ut; X0 ¢z, 2 200 uy(t; X)¥t X% Y):
Recalling (1.5) we have

di¢Y) = zdWii f(tX25Y0)dti u(t X%t X2 Y0)dW,

i hut(t; X0 + %UXX (t; X%z (t; X2 Yto)I dt

= ¢ Z,dW, h;uxx (t; X )%t X2 Y0 + f (t; XtO;YtO)I dt
+ h%uxx (t; X%z (t; X 2 u(t; X)) + f(t; X2 u(t; Xto))I dt

= ¢thWt i ®¢ Ytdt,
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where

1
® 2 —2¢Ytuxx(t;Xto)[%(t;XtO;Yto)i Y2t X2 u(t; X))

1
XY f (X u(t X))
¢Y;
is bounded. Note that ¢ Yr = Y| g(X?): By standard argumerts one can easily get

n Z+ 0
E supjtYj?+ j¢Zij%dt - CEfj¢ Yrj?g= CV(yo;2°: (2.3)
0t T 0

Step2. Denote¢ X, = X i X?. We shaw that

n (0]
E supj¢X{j® - CV(yo; 2%: (2.4)
0t T
In fact, h i
d(¢ Xy) = 4t Xeult X)) i %4t X2 Y0) dwg:
Note that
Ut X i Y2= Ut X i ut X ¢Ye

One has

d(¢ X;) = [®¢ X, + @F¢ Y dW;
where®} are de ned in an obvious way and are uniformly bounded. Note that ¢ X, =
0. Then by standard argumerns we get
n [0} n z T [0}
E supj¢Xj® - CE j¢ Y:j2dt ;
0t T 0
which, together with (2.3), implies (2.4).
Step 3. We now prove the theorem. Recall (1.3), we have
n Zt 0
E supjYi Y2+  jZii z%%dt
Oht- T 0
= E supju(t; Xo)i u(tX9)i ¢Yj?
0t T
Z+Z
+ U (G X)W X u(t; X)) i ux(t X¥E X2 u(t; X))
0 —
[0}
FUCL XA XU XO) | ue(t XOUE XYY | 62 dt
n Z1h i o
+ CE sup[i¢ Xij? +je Yi?l+ j&Xij®+ € Yij? + je Z,j? dt
ot T 0
- CV(y0; 2°;

which, together with (2.4), endsthe proof. [ |

1473



2.2 The Steepest Descent Direction

Our ideais to modify (yo;z° along the steepest desent direction so asto decrease
V asfast as possible. First we needto nd the Fr@det derivative of V along some
direction (¢ y; ¢ z), where¢y 2 IR; ¢ z 2 L?(F). For £, 0, denote

4 + 4
VES yo+ 20y; 202 20+ ¢ z;

and let X %*;Y %% pe the solution to (2.1) correspnding to (yi; z*). Denote:
8 Z,
% rXY= [ X+ % YldWs;
0 Z t Z t
E rYP=c¢yj [fr X2+ f0r YOds+ ¢ zdW;
on 0 0]

rV{yoz°) = E [Y2i g(XDIr P i gAXP)r X2 ;

where" 2 e (s;X2; YY) for any function ' . By standard argumerts, one can easily
shaw that

1o o
LI!FTE) E[Xtoy_i xto] =r Xg |il!n‘g) ;[Yto’_i Yto] =rvY>o
T

lim SIV (%6 2%9) | V(50:2] = 1V (y0:2%);

wherethe two limits in the st line arein the L?(F) sense.

To investigate r V(yo;z°% further, we de'ne someadjoint processes. Consider
(X %;Y9) asrandom coe+cients and let (Y?; Y?; 2°; Z°) be the solution to the follow-
ing 2-dimensionalBSDE:
z z

8 T
2 V0= (YO g(XO]i  [FOVO+ %Zz0dsi | 2odWe;
t Z t Z

2 &0 0y 0 0 T e 0g0 0 T 0 (2:5)
Y= XD gXDI+ Y+ HZdsi  Z2dWs:
We note that (2.5) dependsonly on (yo; z°), but not on (¢ y; ¢ 2).

Lemma 2.2 For any (¢ y; ¢ z), we have

VA T 0
20¢ zdt :

n
rV(ysz) = E Yoy +
0

Proof. Note that
r V(yo; 2% = Enﬂr’Tor YO ¥vor X?O:
Applying Ito's formula one can easily ched that
d(Yor Y2 i Yo X0) = 20¢ zdt+ (¢¢hdw,:
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Then

y4 4

T 0 n T 0
2%¢zdt = E Yl¢y+  20¢ zdt :

n
rvViynz® = E ¥or YQi ¥or X2+
0 0

That provesthe lemma. [ ]

Recall that our goal is to decreaseV (yo;z°%. Very naturally one would like to
choosethe following steepest descen direction:

cy2i ¥ ¢z 20: (2.6)

Then 7

n T (0]
rV(yoiz%) =i E JYoiP+ 20t 2.7)
0
which dependsonly on (yo; 2% (not on (¢ y; ¢ 2)).
Note that if r V(yo;z°% = 0, then we gain nothing on decreasingV (yo; z°). For-
tunately this is not the case.

Lemma 2.3 Assume(2.6). Thenr V(yo;z°% - i cV(yo; Z°).

Proof. Rewrite (2.5) as

z

8 Z, t
S Y0= Y9+ [FOVO+ HZlds+ 22dw;
0 7 0 z

T T (2.8)
PO ¥ N+ Azt Z0dws:

One may consider(2.8) asan FBSDE with solution triple (Y;; Y;; Z;), whereY; is the
forward component and (Y;; Z;) are the badkward componerts. Then (%O;ZP) are
consideredas (random) coexcients of the FBSDE. One can easily chedk that FBSDE
(2.8) satis escondition (1.7) (with both sidesequalto 0). Applying Theorem 1.2 we
get

n z z

T (0] n T (0]
E sup[V%°+ v+ jzldt - CI§=CE j¥j°+  j2ldt :
0-t- T 0 0
In particular,
1 n Zt )
V(yo;2’) = SEfi Yri%g- CE j¥gj*+ j2{Pdt ; (2.9)
which, combined with (2.7), implies the lemma. ]
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2.3 lterativ e Mo di cations

We now x adesirederror level " and pick an (yo; z°). If we are extremely lucky that
V (Yo;2% - "2, then we may use(X % Y?;z°% de ned by (2.1) asan approximation of
(X:Y;Z). In other casesve wart to modify (yo;z%. From now on we assume

V(yo;2%) > "% EfiY?i a(Xi‘s- Kg; (2.10)

whereKy , 1lisaconstart. We note that one can always assumethe existenceof K
by letting, for example,yo = 0;z’ = 0.

Lemma 2.4 Assume(2.10). There exist constantsCy; ¢; ¢; > 0, which are indepen-
dentof Ko and ", suchthat

CV(y0z) L Vyzh)i V(ye2?) - i %V(yo:zo); (2.11)
0
and
Efi Vi i g(Xdj‘g- Kid K+ 2C"K2; (2.12)

whee, by denoting, % K_lg

idyoi Y& ZE 20 2% (2.13)

and,for 0- p- 1,
8 z,
$ XM= x+ 3/(3 xM YH) dW;
z, (2.14)
sy ¥ Of(s:xs:vs“)ds+ [ 2w

Proof. We proceedin four steps.
Stepl ForO- u- 1, denote
Z Z
g = [YFi g(x{li [f “W+ HZids| zudws,
t
yH =

Z -
t go( BIYFi oX u)] + [f uﬁ'u + %4 ZLds ZHdW;
t
t
% = P XU Y”]dWs,
Zt
Y= %0. [f XS+ Vs 2 9dw;

where' {‘é "t XHEYH) for any function ' . Then

1 n (0]
¢ V(yo;2°) = SE YA gXPPi Y20 gX9)?
Zl n

0]
L E D oI W gTx)r X4 di
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Following the proof of Lemma 2.2, we have

Z1 n Zy 0
CV(yo; 2% =i, E Y2+  2/20%t du (2.15)
0 0
Step 2. First, onecan easily shav that
n 3Z g " ,0
E - sup (¥ + %9+ UZPJ +jZ0Pdt T CcKE (2.16)
0t T
Denote
4 4
CXEEXEP XY eYHE Y Y
Then 8 Z,

 ¢xk= [®1“¢x“+ ~LHe Y HdWG;
Z

t
A p,‘%. [®2“¢X“+_2“¢Y“]ds. b 20dw;
0

where®*; "M arede ned in an obwous way and are bounded. Thus, by (2.16),
n o n 3Z " 50
Esup i X/*+ Je K4 - 1 %E ¥t + j20Pdt T - CKE 4 (217)
0t T 0

Denote

) = m[g(x B i gXNl;

which is bounded. For any constaris a;b> 0and 0 < , < 1, applying the Young's
Inequality we have

(@+ ) = a'+ 4 4a)°( " )+ 6( “a)’(, 1 17+ 4 fa)(, ! b+ bf
[1+C,Ja*+ C[ 1 °+ i1+ 15+ 1. [1+C Ja*+ C, i %"
Noting that the value of ; we will chooseis lessthan 1, we have
E Ve gt = E YT g(X9)+ eV @e X
[+ CIE YT gDt + LI 6 Y+ o XU
. [1+ C,IKg: (2.18)
Step 3. Denote
CYMETH VY evMEZ oYM Yy 2R 2N 20 ezri oz 7O
Then
Z: Z;
% ¢YH= [¢YT“| ®eXili [f e Y2+ o4 Z¥ds t ¢ ZHdW
i [ﬂr°¢f“+ Z2¢ %7ds; , ,
% ¢ YH= go(X“)[d: YHi ®;¢x“]+ T[f e Y+ 3¢ Z¥ds IT ¢ ZHdWs

Y7 i g(X)le glp + [ﬂfo(tfqu ZJ¢ Ads;
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where
4
¢y(W) = fy(6 XE Y iyt XY

and all other terms are de ned in a similar way. By standard argumerts one has

n Zq
E sup[i¢ YH2+j¢ YH2+  [j¢ 2F2 + j¢ Z}Hj%dtg
0-t- T 0

n
- CE je Y42+ je XE+ jYP i a(XD)j%i¢ gwj?
Z1h

+ YOEIC £+ e £ 2+ JZ0PlC A2+ jo %‘12] ot
%

. CE je Y2+ je X2+ Y2 g(X9)j%je X 42
' ZOTU%‘)F + JZOPIE X7+ jo V7l
: CE%nos:JpT[jct X4+ j¢ Yt“j4]o£
£ 10 jv0; Ot DY+ 2t
K27+ K2 CK&?%

thanks to (2.17), (2.10), and (2.16). In particular,

n Z1 )
E je Y2+  jeZFPdt - CKE 2
0

Step4. Note that
o Zq 0 n Zq o=
E OYAYO+ Z2P20t  E jYOP+ j205%dt
0 0
n Zt 0
E jeY&Y0+  j¢Z2F20dt
0

n Zy o
. CE j¢ Y2+ j¢Z“j2dt + 5
ZT 0]
. CKg, %2+ E ﬁoojz+ j2%%dt -

0

Then, by (2.9) we have

n Zy 0 1. n Zq 0
E Y&Y2+ ) 2820t SE Y02 + ) j2%%dt ;| CKZ, 2

cV(yo;2% i CKg, 2

5

n Z1 0
TENORe 20
0

(2.19)

q_
Choosec; e ¢ for the constarts c;C as above, and , & K% Then by (2.10) we

get

n ZT (0] C Cc
E Yoo+ 2t V(i) 5", SV(vei2):
0

1478
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Then (2.11) follows directly from (2.15).
Finally, plug , into (2.18) and let u= 1 we get (2.12) for someC,. [ |

Now we are ready to appraximate FBSDE (1.4) iteratively. Set
4 A 04 N 4 mie40. 0Y;i4n~-
Yo= 0, 2220, Ko= EifiY?i g(X?)j‘s: (2.21)

For k = 0; 1; ¢¢¢; let (X ¥; YK; YK, Yk; Zk: Z¥) be the solution to the following FBSDE:
8 Z,
% X{E= X+ Ys;XE YO dW;
2 Z

t t
YEE v T(sIXG YOS+ zgdW;
0 z3 0 Z. (2.22)
% Vo0 ol Y e zadsi - 2adws

T T
V= gOXNIVE T gX NI+ XY+ HZ0dsi  ZodW:

We note that (2.22) is decoupled,with forward componerts (X ¥; Y¥) and badkward
componerts (Y¥; Y%; Zk; z¥). Denote

4 4 4 "
Klz; Vier = Vi kY ZN 22N 2K KL S KE+ 2C"K E (2.23)
k

(%)

4

s k

wherec;; Cy are the constarts in Lemma 2.4.
Theorem 2.5 There exist constantsC;;C, and N - C;"i ©2 suchthat
Viyn;zV) - "%
Proof. AssumeV (yx;z*) > "2 for k = 0;¢¢¢;N | 1. Note that K¢,, - (K2+ Co")%
Then KZ,; - K2+ Co", which implies that
K¢ K§+ Cok™

Thus by Lemma 2.4 we have

Co

h i
V R k+1 . 1 V : k .
(Yk+1;2) | K2+ ok (Yk;Z)

Note that log(1j x) - j x for x 2 [0;1). For " small enough,we get

["(l 1 3 n

SNy L : . Co
09V (i) - 09V @0) + 109 i gz
NG 1 ZnNi1
. C| C 1,.. 1 Cl C d)|(| 1
=0 K+ "i o X+

=CiclogNi 1+ log(iY) = Cj clogL+"(N 1))
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For c;C asabove, chooseN to be the smallestinteger sud that

N, 1+"il[ecric; 1]

5

We get
00V (yni2") - Ci g i 2log()] = log"?);

which obviously provesthe theorem.

3 Time Discretization

We now investigatethe time discretization of FBSDEs (2.22). Fix n and denote

i T .
tié—T; ¢té—; I = 0; ¢C¢; n:
n n
3.1 Discretization of the FSDEs
Givenyp 2 IR and z° 2 L2(F), denote
04 04
X% % Y%= yo;
X{O2 X0+ At XPO YW Wili t2 (tistia];
t

YMOR VIO (G XEGYION t]+ Z2dWe; t2 (it ]:

Note that we do not discretizez® here. For notational simplicity, we denote

XPOL Xm0 ymOL v = 0peee;n:

De ne L
Va(¥0:2%) = SEf Y70 g(X7O)ig:

First we have

Theorem 3.1 Denote

z
n
MO E Or_nie_lxnUXti i Xin’012+ Y Yin’012]+

Then c
™0 CVi(yo; 2°%) + n

1480
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We note that (see,e.g. Zhang[21)),

n , o ,0 C
max E  sup [[X¢i X2+ jYei Y4i%l —
O-I-nil ti- te tisg n
n ) PO 50 logn
E max sup [[Xij Xti12+ IYii YtiJZ] ' Clog ;
0 i nj lti-t- tisa n
n 14 1Zti+ 1 Zti+ Y C
E iz —Ef Zodsgidt -
i=0 ti ¢t t n

where E;ftg e Ef¢jF; 9. Then one can easily shov the following estimates:

Corollary 3.2 We have

n , .50 C
max E  sup [iX¢i XM%5%2+ Vi Y™ - CVu(yo; 2% + o

0-i-nj1 ti- t- tis

n _ 0.5 |
E max. sup [Xoi XPO2+[Yii YO CVh(yoi2d) + =29,
O-I-nilti.t. tici n
n 1 1Z ti+ 1 Z ti+ 0 C
E ' jZii —Eif ' z2dsgj?dt - CVi(yo;2°) + —:
i=0 t; ¢t t; n
Proof of Theorem 3.1. Recall (2.1). For i = 0; ¢¢¢; n, denote
¢Xi 2 X2 XM ey 2 Y0 vl
Then
8
§¢X0=O, ¢Y0:0, .
VA ti+1 _ |
¢ Xy = CX; + [@'¢ Xi + "¢ Yil+ [t X% Y0 i Hti; X2 Y] dw;
Z ., h i
: CYir = CYii  [GRC X+ 2EV]+ [F(EXOYO) P f (XY dt;

where® ;™) 2 F, aredened in an obvious way and are uniformly bounded. Then

Efi ¢ Xi1j°g
n
= E jeXj*+

ti+1 h | (0]
[GF¢ X; + T Vil + [AL XY i At XY ot

t

n. .2 C . .2 - 2 Zti+1 . 0 0.2 - 0 0.2 O
E jeXij°+ H[l¢><i1 +jeYij]+ C OX¢ 0 Xegio+ Y i Yy jo]dt
t

and, similarly,
Efj ¢ Yinaj’g
n. .2 C . 2 - .2 Zt|+l . O 0.2 . 0 0.2 0
EjeYij"+ e X"+ je Y]+ C OXe i Xgit+iYei Yyjldt .

ti
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Denote
Ai 2 Efj ¢ Xij2 + j¢ Yij%g:
Then Ag = 0, and
C %t 0 0i2 4 i\y0 0: 2141
Aiva - [1+ H]Ai + CE OX¢i Xeio+ Yo i Yyjoldt .

ti

By the discrete Gronwall inequality we get

XL N2t 0 0i2 4 iyO 0i21 41
max Ai- C E . OXci Xgio+JYei Yyjoldt
i=0 i
M1 nly, hZe _ Ly o Ze o
C E S X YIPds+ ] T (s; X4 Yd)dsi2+  jz0j%ds dt
i=0 t; ti t ti
I)q ! n . . . Zti+1 . . Y
C E jeti2+jct+ ¢t jZ0jdt
i=0 4
Z
C C n T [0}
~+~E iz02dt : 3.5
ST nE , Jal (3.5)

Next, note that

Xlztj+1h _ I
CXi= o [EeX;+ e YT AL XD Y) i AL X V)] WG

j=0

Xlzt"*lh —2 . ey 0. v Oy . .y 0. 0i .
¢Yi: . [®12¢XJ+ J¢YJ]| [f(t1Xt!Yt)| f(tjixtj1Ytj)] dt:

j=0

Applying the Burkholder-Davis-Gundy Inequality and by (3.5) we get

n - .2 - 20 C nZT. 02 0
E max[je Xij"+je Yij7] - —+ —E jzjidt;

which, together with Theorem 2.1, implies that
nZrt o
1"0 . CV(yo; 2°% + S jz0jedt :
n n 0
Finally, note that

n (0]
V(¥0;Z2° © CVa(Y0;2% + CE j¢ X2+ j€ Ynj? = CVi(Yo;2%) + CA,:

We get
g nZr

0
0. CVi(yo; 2°) + c + EE jz0j?dt -
n n 0
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Moreover, noting that Z; = u,(t; X)%t; X¢;Y;) is bounded, we have

nZr 0 nZr 0 nZr o
E jz2j’dt - CE jZ i z%%dt + CE jZ4j?dt
0 0 0
nZry 0
CE jZ i 20jdt + C:
0
Thus nZ

T (0]
10 CVa(Yo; 2°) + ﬁ+ ﬁE iZci ZjPdt
0

Choosen , 2C for C asabove, by (3.3) we prove (3.4) immediately. [ |
3.2 Discretization of the BSDEs
De ne the adjoint processegor say, discretizeBSDE (2.5)) as follows.
8
.0 4 . . .n 4 . . .
3 SN gO) YOS GO X))
IS AN IR N AU T 7Y CzModtp o 2Modw; (3.6)
g Ztitiil Ztitiil
PV E VO RGTe e 40, 200t 28w
ijil ijil
where' ™0 £ ' (t;: X% Y™ for any function ' . We note again that 20, Z"0 are

not discretized. Denote¢ W, 1 2 Wi,., i Wy;i = 0;¢e¢nj 1. Following the direction

(¢ y; ¢ 2z), by (3.1) we have the following gradierts:

rXg°=0 1Y = ¢y; |

rX{D = XM+ 0 XM+ 3/sr‘/];;ior N ¢Wi-2.;
n;0 n;0 h n;0 n:0 n;0 n-0I L+

FYin =0 Y fx;’irxi’+fy;'irYi' ct+

n . o
r Va(yoi2%) = B IV oGO Y01 @YX Or X0

TV AR 00

' ¢ thWt;

Then
n (0]
rVa(yo;2% = E YO Y05 vor X0
nh n;0 n;0 n;0 ;0 2, n;0 Zt, n;0 i
= E YO+t et + 9y, Z{0dt+ 2w, £

nji 1 tnjl

Zy

h n I
FYSS i [fa of Xpo+ £ o Y9le t+ ¢ z,dW,

nij
yini tai 1

z, VA

h n tn [
. ;0 ., ;0 ;0 . ;0 ;0 ;0
| Ynnl 1 | f)?,n i 1 nn; l¢ t | S/E;n i 1 Ztn dt + Z‘tn th £

tni1 | tnil

h
n;0 ;0 n;0 ;0 n;0
r xni 1t [E/E;ni 1r xn; 1t 3§r;ni i Yni 1]¢ Wi, g
Z

n th (0]
n;0 n;0 ., n;0 n;0 n;0 n;0 .
E Yoral Yarii Yool Xgio+ 7270¢ zdt+ 170

tni 1
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where
Z. z

) . ti . ti
1M 2 90, ZP%t ¢ zdw,
ij1l ti] 1 Z
i . i . ) ti )
%0 1% T X1+ % ar YiTTle W, | Z{"dt
Z ti ij 1l
| i 4l or XFa+ £50 ar YiTTlet t Z{"%dt (3.7)
ijil
[ f;;;i? 1%??[“ )?IO| 1l Xir;;(i + f;;;i? 1l Yi?;g]jq: tj*:
Repeating the sameargumerts and by induction we get
N, o Zy o o0
r Va(yo;2%) = E YJ"¢y+ 200 zdt+ 10 (3.8)
0

i=1
>Fom now on, we choosethe following \almost" steepest descen direction:
Z ti ) .
EVENT AL ¢ zdW, = E;, f V" V"0 (3.9)

tiil

We note that ¢ z is well de ned here. Then we have
Lemma 3.3 Assume(3.9). Then for n large, we have
r Va(¥0; 2% - i CVh(Yo; 2%):

Proof. We proceedin se\eral steps.
Step1l. We show that
z

n T o]
E max[¥"%+ YO+ G202+ JZ0%Pdt - CValyoi2):  (3.10)
- 0

In fact, for any i,

N 4no :0 o :0 :0 °
E Y2+ ivia2+ G207+ jZ0 Pt

n;?n;o. n;0 ?n;ol'l. 3/0:0 g n;0 2
=E i | fy;iil iil¢t| /g;iil . Z dt

ijl

- ) . _ ti : 520
YO RGNt 940, 200t

Xiil -

n ‘ nZy _ _ 0
L+ %]E YO+ YR+ %Efj g+ %E (282 + jZ°)dt -
ij1
Then
Zti .4n°0- e 0: 0 C.." yno, ri0:2°
. [lztn,OJZ_'_ Jz-tn,OJZ]dt . [1+ H]E J%H,OJZ_'_ JYin’OJZ .

N ono 0 1
E j‘%’i?’ljz"- J'Yi?'ljz"' 5
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By standard argumeris we get
n. 0 nZr _ 0
maxE N”"’jzﬂv”ﬂf +E 20+ 20
e o
CCE ¥ YO - CVa(yei2):

Then (3.10) follows from the Burkholder-Davis-Gundy Inequality.
Step2. We show that

Z
Va(¥0;2%) - CE J%”OJ + JZ”“

In fact, for t 2 (tj;ti+1], let

Zt Zt
YOS WO+ FUONO G ]+ Y Z0%ds+  200dW;
ti ti
Zt Zt
VRO = WO RO Gl A Z00%ds+ Z{%dW;
G

t

Denote ¥4t) 2 ti for tj 2 [ti;tj+1). Then onecanwrite them as

LA (R M () AARN IR A S
Zt Zt
+ [fO(AS) YO + %40(s)) ZLCds + ZQ?OdWS;
0
Z:
YO = X o) A | ?”O]ds
t
Z Z

+ [f ;;0(1/‘(5))‘%?;0 + %;O(V(S))ZQ;O]dSi Z'Q;OdWS:
t t

Applying Theorem 1.2, we get

Vi (Yo; 2% = —Efj‘?f’”0

Z Z; o
CCE R+ 2U0Pdte O Yoicdt

Z 'Xlz ti+1 0
= CE ﬁo”oj + jZ”OZdt+ AR AR

i=0 Ui
Z

'X . Z ti+ .
i=0 ti [
Zt

(0]
S CE O o +%vn(yo;z°);

1485

(3.11)



thanks to (3.10). Choosingn , 2C, we get (3.11) immediately.
Step 3. By (3.9) we have

"’ TJ¢ 20+ 20002t = 1EnEZtti+l ¢ zdW, + Ztml Ztn;Othzzo
i=0 i i

- ?QO E :%in:o_'_ f;;;io?in;%t"‘ SﬁgiOEith.tHl ZM0tg i Ym0 + Zt i1 oy Wt

i= ) : ) :
_ 1Enj3/g;i°jzzzt.ti” Z00t ; Eifzt.ti” 7"0tg?

i=0 i i
: cq:tWEnztm th”:szdto. %vn(yo;zo); (3.12)

i=0 i

wherewe used(3.10) for the last inequality. Then,
~ Ny 2T, Zy o=
E Yo%y + Z” ¢ztdt +E j‘%”oj +  j2M%%dt -
0 0
“nZq
-E Z”°[¢ z + Z“O]dt -
N Z nZrt . 0
. CE:2 th' j2dt E:z j¢ z + 2%2dt
0 s 0

a o C 0 C 0
- C WVh(yo; 29 FVn(yoJZ ) = F’—ﬁVn(yo;Z ):

Assumen is large. By (3.11) we get

n n;0 ZT n;0 0 n;0:2 Z n02 0
E Yy %y+ . 2M%¢ zdt - .fE jYou%i2 + Z - i cVh(Yo: Z°%: (3.13)

Step4. It remainsto estimate |™°. First, by standard argumerts and recalling
(3.9), (3.12), and (3.10), we have
n 0 n Z1 0
E maxfir X" 2+ jr Y-””] . CE jeyj?+ j¢ z;j2dt
"
. CE j%”;oj2+ U¢ 7+ 292 +JZ”°2]dt : CVn(yo;zo): (3.14)
0

Then
Y . - w1 nZti+1 . Zti+1
- EfI™g . pC: E iz 0%dt + j¢ zj%dt
i=1 =0 t t
(0]
+ir X+ Jr YOPIEL ¢ Wi g+ j6 7]+ Y Pe t

C nZ s —N;0:2 % n;0:2 : n;0:2 0
P=E  IZOUE 2T ez 2007t
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+ C n n;0:2 n;0:2 -?n;O-ZO
gpﬁor.niiaaner [ L (o e b (O

C 0

PVa (yo: 2%): (3.15)

Recall (3.8). Combining the above inequality with (3.13) we prove the lemma for
large n. [ |

3.3 Iterativ e Mo di cations

We now X a desirederror level ". In light of Theorem 3.1, we setn = "1 2, Soit
suxcesto nd (y;z) sud that V,(y;z) - "2. Asin x2.3, we assume

n (0]
Va(Y0;2%) > "% E jYMO5 g(XF9)* - Kg: (3.16)

Lemma 3.4 Assume(3.16). There exist constantsCy; ¢y; ¢; > 0, which are indepen-
dentof Ko and ", suchthat

CVa(y0i2) 2 Va(yi2) | Vaei2’) i 5 Valyoi 2 (3.17)
and
Ef Yot i g(XFhi'g - Ki 2 Kg+ 26K ; (3.18)
whet, recalling (3.9) and denoting, 4 %g
yiZyo+, by ztE 20+ ¢z (3.19)

and,for 0- p- 1,

8 ‘u 4
2 XS YoM E o+ ey,

Ilil = x mu 4 f'%(tll _n;H.Yn;U)q: Wl‘f-t’ (320)
: Yo Y X ™ Y e £+ t Tz 1 ¢ z]dW:

[EN II4>

Proof. We shall follow the proof for Lemma2.4.
Stepl. ForO- p- 1, denote

8
: YRS YT g0 YRS G g,
Yo = v et R t' TRt t ZMMdW,;
Zitiil Z||I1 .
s v e g, ¢z zang

i1 tij 1
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and

%rx"“: 0 rYop=2¢y;
rX,’lE:rX””+h%2,“rX””+?/””r Yi”“¢W
ti+
.ErY,”“:rYi”’“i falr X+ fobr Y”“¢t+ ¢ z,dW,;

t

where' ™ L (ti: X MHy ") for any function ' . Then

" (0]
CVa(oiZ%) = E IYPi gXE i [Ye0i (X op
A

1 nNn o
E Yy i gXa™)llr Yy i g(Xa#*)r Xp+] dp
0

By (3.8) we have

Z Z
¢V ( .50y — ! ns}m;u T Zn;u X n;u0 .
W(Yo;2°) =, E Yy "¢Cy+ ¢z dt + 7 dy (3.21)
0 0 i=1
where
. 4 z ti ) Z t
Iin'u = %1“ 1 Z'tn:Udt ¢ thWt
tij1 ti; 1
Z t;
+ 341 [k or X+ 39.. W Ye W, ZMdt
tii 1
Z t;
i 39,‘1 1[f)?,‘f i X”“ + f;,ﬁ‘ 1f Y”“](l:t Z{MMdt (3.22)
tii 1
i fy VIR o X+ 0 e 6

Step 2. First, similarly to (3.10) and (3.12) one can shaw that

n 3l " 50
£ max(¥ NI 2O 2O o2l T CKE (329

Denote
¢Xin;u 4 Xin;ui Xin;O; ¢ Yin;u 4 Yin:ui Yin;O:
Then
OX0 =0 evl=pey
¢ X[ = O X+ [OFe XM+ T e Wi,
v = oM e XM+ Y MIe ) 1 ¢ zdW

ti

where®*: ~

" are de ned in an obvious way and are bounded. Thus, by (3.23),

n _ 0 n 3Z g 50
E - maxfie X+ je Y™ . Cuf B jeyit+ jezjfdt T - CKEL*
i 0
(3.24)
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Therefore, similarly to (2.18) one can show that
n (0]
E jYa™i g(Xp®i* - [1+ C,IKg: (3.25)
Step 3. Denote

¢$ﬁué %mui %m% ¢Yﬁ“é ﬂmui “m%
¢ Zt”;“ 4 it”;“ i Zt”;o; ¢z 4 ZMM Z“t”;o:

Then
8 . . . .
CY M= ¢ Y @Rre X W
¢ YT = XIS YW i G XM+ [0 g(X g o )
R AN AL ﬂzr””;*l‘ctt; Br ezt t' ¢ 20 dw,
i1 i1
. Y ni0g £ i N 0 a
| ii1¢fy;ii1¢t| ¢ Z‘t dt¢ /g;iib
i1 7 : . 7 ¢ .
eV eV tIk e YMete [, | ez | e ZiMdw
Z i1 il
n;0 n;u ti n;0 3/ .
. +‘%i1¢fx;iil¢t+ Z.t dt¢ /Q;iili
tii 1
where
) X WY X N0 ) ) ) : .
®:,p é g( n )l g( n ); ¢’ in,u é ' (ti;xin,u;Yin,u)i . (ti;xin,O;Yin,O);

¢ XR;H

and all other terms are de ned in a similar way. By standard argumerts one has

n . . Z1 . o O
E maxfje ™2+ je V™2 + e 272 + je Zjdt

n
+ CE j& Y2+ je X 42+ Y05 g(Xp9)i%e gin; pj?

% 1h . . . z ti+1 . . . io
+ RGeS+ je f NPt JZIOPdt ¢ % + j¢ Yl

- CE Je Y2+ je XPH2+ Y05 g(X9)j%je X Hj2

N 1 . n;0:2 Z ti+l . n;0:2 . n;u:2 . n;u:2 0
+ [YPet+ JZEOPA[E X2+ e Y
i=0 t
n 0
. |.
37

ln . ‘0 ‘Ov: 4 -, n:0:4 T cN;0:2 ,20
E2 1+ )Y g(Xp0jf+ max Y™ + -zt

+ CKg,2[1+ Kgl- CKg, %

0
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thanks to (3.24), (3.16), and (3.23). In particular,

n . Z1 _ 0

E j¢YoMj2+  jeZMjdt - CK{ % (3.26)
0

Step4. Recall (3.12). Note that

Z1 0 N oo, 2
Z2MMe zdt + E (Y02
0

—n n;u T n;0:2 OE

E Yotey+ G R P44 R
n ] ) ZT

" E J¢ ‘%Onyu‘%on’oj +

h i o
JCZMMi2E% + (j& 20 + j210)je z + 219 dt
0
n e ZT . e . -0- o 1_n -0 ZT. :0- o
. CE j¢ Yg™j2 + e Z2MM2+ je z + 20°%2)dt + SE JYoro2 + ) j2{%2dt
4 2 C . 50 1 n- n;0:2 ZT- n;0:2 O.
© CKE 2+ “Valyoi2%) + SE iYoroi2+ j21%3dt
0
Then

n, Zr . o 1N, ZT o0 C
E Yohey+ ; Z2MM¢ zdt - SE AR . j28%2dt + CK g, 2+ V(Yo 2°):

Choosen large and by (3.11) we get

n, Zr 0

E Y, "¢y+  ZM™e¢zdt - i cVa(yo; 2% + CKE, % (3.27)
0

Moreover, similarly to (3.14) and (3.15) we have

n : .00 X .
£ maxlr XPH2+ it YO CValyoi 2% G ETIGI - B Valyor 2):
o i=1
Then by (3.27) and choosingn large, we get

z

_— x
JZMezdte 1M oVi(yoi2’) + CKg

n, o]

E Yy ey +

i=1

4 d
Choosec; =

% for the constarts c;C as above, and ,
(3.16), we have

c"

Kz Then by (3.8) and

C n
CVh6iZ) L1 SValYoi 201 = i 25 Va(yo: 2):
0

Finally, plug , into (3.25)and let p= 1 to get (3.18) for someC. [ ]
We now iterativ ely modify the appraximations. Set

Vo2 0, 2220, KoZ E&fi Y0 g(X™)j*g: (3.28)
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For k = 0;1; ¢¢¢; deTne (X "k;ynk: ynk.ynk. znk. 7nk) asfollows:

% X nk 4 yk
ti+
- Y,Qlk 1 Yi”k; f(t.,xnk Y”k)¢t+ " 2w

ti

I+ IIJ>

and
8
% ?nn;k 4 Yn; i g(xnk) Ynk 4 g0(§tnk)[Ynk i gZ(Xnk)]
Vi = %n;k i fo et %, CZPdt 20 dw; (3.30)
% Zy Zi
: Y:?li = “+ fglk. 1%?E¢t+ %(1;;“ L Ztn;kdti : Ztn;det;
ij1 ij1
Denote z,
Cye =i ¥ ezfdW B af Y Mg Y (3.31)
ij1
and
CII
G Yer TU Y 2 Rz e K 2 K 20K (332)
k

wherec;; Cy are the constarts in Lemma 3.4. Then following exactly the sameargu-
merts asin Theorem 2.5, we can prove

Theorem 3.5 Setn = "i 2. There exist constantsC;;C, and N - C;"i ©2 suchthat

Vn(yN ;ZN) .2

4  Further Simpli cation

We now transform (3.30) into conditional expectations. First,

. 1 n Z ti+1 ) l .
IHEGE A = EIY e Wiag
Second,denote
1. .
|\/|-nk & exp 39<|. 16 Wi 21%2;'iki 1JZ¢ t): (4.1)

Then

Yl.l_Elll Mnkynk )?lkll nl¢t

ﬁu.l%?i"' /;|.1Y|?’Ii: /Qu.lEi.lf? kg"' %.:( 1Ei.1fvn;k9
[ 9I|l xnli /Eul y||l]\%|?|;¢t
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Thus

. 1 h : 3k : . i
Y = 1717 ot Ei «f Y™ g 3;1:(' E A f MG 109
1+ 1y0.0t %ii 1 (4.2)

VL= B af MY g £ Y et

When 39(;}"1 1 = 0, by solving (3.30) directly, we seethat (4.2) becomes
n;k 1 h n;k K n;k i
%{1 = 1+ 17% ¢t Ei; 1f Vg Y%i; 1Ei f VT ¢ Wig
yii 1 (4.3)

ViD= B af Vg et

Now X " and,in light of (3.4), setn 2 "2 Let ¢ Co bethe constarts in Lemma
3.4. We have the following algorithm.

First, set 8
2 X¢° Lx; Y02
5 XID 2 X0 XY W
TIPS X YOe
and

n;0 4 4 L n;0 n;0 -4O
2040, Ko EF Y05 g(xIO ;

For k = 0; 1; ¢¢ if Efj YXi g(XX)j?g- "2, wequit the loop and by Theorems3.1,

3.4, and Corollary 3.2, we have
n K « g 14 ti+1 K 0
E omiaxn[ix“ i X9 Y G+ jZei Z¥jPdt - CE
o i=o b

Otherwise, we proceedthe loop as follows:

Step1. Dene (Y™ ; ¥"k) by the Tst line of (3.30); and for i = n; ¢¢¢; 1, de ne
(Y1 i) by (4.2) or (4.3).

4 "

Step2. Let ¢ = W;K'f” 2 K2+ 2Cy"K 2: Dene (X M+l ynk+l. znk+ly py
k

15

X(r)];k+1 X: Yon;k+1 é YOn;k i k‘%,on;k;

Xirliliﬂ é Xin;k+1 + ?/(ti;xin;k+l;Yin;k+1)¢ Wiy

Yirl,1k+1h: Yin,k+1 i f(ti;xin,k+1;Yin,k+1)¢it :
VI XTSIt + RN gn VI

(4.4)

WA AR 00
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and 1 n o

7" S B YT e Wiy (4.5)
. . Ry
\F/zVe note that in the last line of (4.4), the two terms stand for tti'“ z¢dW, and
o ¢ ZKdW,, respectively.

By Theorem 3.4, the above loop should stop after at most C,"i ©2 steps.
We note that in the above algorithm the only costly terms are the conditional
expectations:

EfYi‘g EfYvi‘g Ef¢W.aYirg EfMYYTg or Eiff¢ Wiy YiFg:
(4.6)
By induction, one can easily shav that

Y= T (X" e XT);

for some deterministic function u™. Similar properties hold true for (Y,"*;¥,").
Howeer, they are not Markovian in the sensethat one cannotwrite Y,"*; Y,™*; v."
as functions of Xi”;k only. In order to use Monte-Carlo methods to compute the
conditional expectationsin (4.6) exciently, someMarkovian type modi cation of our
algorithm is needed.

Acknowledgement. We are very grateful to the anornymous refereefor his/her
careful reading of the manuscript and many very helpful suggestions.
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